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Abstract

We derive and analyze Monte Carlo estimators of price sensitivities (“Greeks”) for con-
tingent claims priced in a diffusion model. There have traditionally been two categories of
methods for estimating sensitivities: methods that differentiate paths and methods that dif-
ferentiate densities. A more recent line of work derives estimators through Malliavin calculus.
The purpose of this article is to investigate connections between Malliavin estimators and the
more traditional and elementary pathwise method and likelihood ratio method. Malliavin
estimators have been derived directly for diffusion processes, but implementation typically
requires simulation of a discrete-time approximation. This raises the question of whether
one should discretize first and then differentiate, or differentiate first and then discretize.
We show that in several important cases the first route leads to the same estimators found
through Malliavin calculus, but using only elementary techniques. Time-averaging of mul-
tiple estimators emerges as a key feature in achieving convergence to the continuous-time
limit.

1 Introduction

The calculation of price sensitivities is a central modeling and computational problem for deriva-
tive securities. The prices of derivative securities are, to varying degrees, observable in the mar-
ket; but the hedging of derivative securities is based on price sensitivities, and these sensitivities
— which are not observable — require models and computational tools.

The computational effort required for the accurate calculation of price sensitivities (or
“Greeks”) is often substantially greater than that required for the calculation of the prices
themselves. This is particularly true of Monte Carlo simulation, for which the computing time
required for sensitivities can easily be 10-100 times greater than the computing time required
to estimate prices to the same level of precision.

The simplest and crudest approach to the Monte Carlo estimation of sensitivities to a param-
eter simulates at two or more values of the underlying parameter and produces a finite-difference
approximation to the price sensitivity. In the case of “delta”, this means simulating from differ-
ent initial states; in the case of “vega”, this means simulating at different values of a volatility



parameter; and in the case of “rho”, this means simulating at different values of a drift pa-
rameter. Finite-difference estimators are easy to implement, but are prone to large bias, large
variance, and added computational requirements.

Alternative methods seek to produce better estimators through some analysis of the underly-
ing model. These methods evaluate derivatives directly, without finite difference approximations.
Pathwise methods treat the parameter of differentiation as a parameter of the evolution of the
underlying model and differentiate this evolution. At the other extreme, the likelihood ratio
method puts the parameter in the measure describing the underlying model and differentiates
this measure. Because a price calculated by Monte Carlo is an expectation — the integral of
a discounted payoff evaluated on each path, integrated against a probability measure — all
estimators of sensitivities must involve some combination of these basic ideas: differentating
the evolution of the path, or differentiating the measure. For general background on estimat-
ing sensitivities and many references to the literature on this problem, see, e.g., Chapter 7 of
Glasserman [9].

More recently, a fairly large and growing literature has developed around the derivation of
sensitivity estimators using Malliavin calculus. This line of work originated in Fournié, Lasry,
Lebuchoux, and Touzi [7] and includes Benhamou [2], Bermin, Kohatsu-Higa, and Montero [3],
Cvitanic, Ma, and Zhang [4], Davis and Johansson [5], Fournié et al. [8], Gobet and Kohatsu-Higa
[10], Kohatsu-Higa and Montero [14], and many others. Using the tools of Malliavin calculus (cf.
Nualart [17]), this approach derives estimators in continuous time, though their implementation
typically requires some form of time-discretization. The purpose of this article is to investigate
the connection between Malliavin estimators and estimators derived using the more elementary
ideas of the pathwise and likelihood ratio methods (LRM).

Our approach is as follows. We begin with a model specified through a stochastic differential
equation. Whereas the application of Malliavin calculus would, in effect, first differentiate and
then discretize, we discretize first. For simplicity, we use an Euler scheme. In the time-discrete
approximation, it is easy to derive pathwise and LRM estimators. Our main contribution is to
show how to combine these methods and then pass to the continuous-time limit in a way that
produces the Malliavin estimators. To put this another way, discretizing the Malliavin estimators
yields estimators that are equivalent (up to terms that vanish in the continuous-time limit) to
estimators derived using the more elementary methods. We carry this out for three important
cases of the Malliavin approach considered in Fournié et al. [7].

An insight that emerges from this analysis is the critical role played by time-averaging of
multiple unbiased sensitivity estimators in passing to the continuous-time limit. This becomes
particularly evident in the case of delta. A straightforward application of LRM to an Euler
scheme produces a delta estimator that explodes as the time increment decreases to zero. To
obtain a meaningful limit, we associate a separate unbiased estimator with each step along a
(time-discretized) path and average these estimators. The average converges to the Malliavin
estimator, though none of the individual estimators does. This observation sheds light on the
flexible weights that often appear in Malliavin estimators, and indicates that a virtue of the
Malliavin derivation is that it implicitly undertakes the necessary averaging.

We do not see the derivations in this article as inherently better or worse than those using



Malliavin calculus. Working directly in continuous time often permits the use of powerful and
efficient tools for analysis; working in discrete time allows more elementary arguments and can
produce estimators that can be implemented without further approximation. Both approaches
have advantages, and the purpose of this article is to illustrate connections between them. We
do this for three important cases — sensitivities to an initial state, a drift parameter, and a
diffusion parameter. Because our objective is to provide insight, we restrict our analysis to
one-dimensional problems.

The rest of this paper is organized as follows. Section 2 outlines the main steps in our
derivations. In Section 3, we verify that the estimators we derive are unbiased for the discrete-
time approximations with which we work. In Section 4, we show that these estimators converge
weakly as the time step decreases. Several technical results are collected in appendices.

2 Preview of Main Results

To prevent technical considerations from obscuring the simplicity of our main results, in this
section we outline our derivations without discussing the conditions required for their validity.
Subsequent sections are devoted to justifying the approach we sketch here.

We suppose that the underlying model dynamics are given by a stochastic differential equa-
tion on [0, 77,

dX; = /L(Xt)dt + O'(Xt)th, Xo ==, (1)

where W is a standard Brownian motion. For simplicity, we restrict attention to scalar X.
Consider a (discounted) payoff function ® that depends on the values of the underlying asset at
times 0 <t <---<t,, <T. The expected present value of a contingent claim with this payoff
is

u(z) = B[O(Xyy, -, Xy, (2)
the expectation taken with Xg = z. In this section, we focus on the case m = 1, in which

u(x) = E[®(X7)].

2.1 Delta

We begin by considering delta, the sensitivity of u(x) to the initial state . When applicable,
the pathwise method brings the derivative with respect to x inside the expectation to get

dXr
") = FE |®'(Xp)——|.
(@) = B [0 57
When equality holds,
' (X7)Yr



provides an unbiased estimator of u/(x), where Yy = dX7/dx is the pathwise derivative of X
with respect to the initial state. Under conditions in Section V.7 of Protter [18], the dynamics
of Y can be obtained from (1) to get

dY; = 1 (X)Yidt + o' (X)) Y dWy, Yo = 1.

The likelihood ratio method (LRM) estimator starts from the transition density g(z,-) de-
scribing the distribution of X7 given Xy = x. The price u(z) is given by

u(x) = /<I>($T)g(:n,:nT) dxr,

so bringing the derivative inside the integral and then multiplying and dividing by g(z, 1) yields

u'(r) = /<I>($T)%g(:n,:nT)d:ET

= /<I>($T)[%10g9($7$T)]9($7$T) der

I [@(XT%logg(:c,XT) 3)

and the unbiased estimator p
S (Xp)—logg(z, X7).
(X1) - log g(a, X1)
By differentiating the density, the LRM method avoids imposing any smoothness conditions on
®. However, it requires existence and knowledge of g.

The (or rather, a) Malliavin estimator for this problem is (cf. Fournié et al. [7], p.399)

T
@(XT)% /0 %th. (4)

Like the LRM estimator, this estimator multiplies the payoff ®(Xr) by a random weight to
estimate the derivative. In contrast to the LRM estimator, it does not involve the transition
density g.

Consider, now, an Euler approximation,
Xi = Xi—l + ;L(Xi_l)At + O'(Xi_l)AWi, X(] =z, (5)

i =1,...,N, with time step At = T/N and AW; = W(iAt) — W((i — 1)At). Let i(z) =
E[@(XN)] and let Y; = dXZ/d:E,
Vi =Yy + i/ (Xis1)Yie1 At + o/ (X)) Vil AW, Yo = 1. (6)

The pathwise estimator of @' (z), the delta for the Euler scheme, is

' (Xn) V.



For the LRM estimator, we may write
/ / (zn)g(x, 1) - g(xN—1,2N) deN - - - dq, (7)

where §(z;_1,z;) is the transition density from Xi_l =x,;_1 to XZ = z;. Proceeding as before,
we arrive at the estimator
N

X R
Z log §(Xi- laXi):q>(XN)%10gg($aXl)v (8)

noting that only the first of the transition densities depends on the initial state x.

Whereas the transition density of the continuous-time process X is often unknown, the
transition density for the Euler scheme is Gaussian. In particular, X, is normally distributed
with mean z + p(x)At and variance o?(z)At. As a consequence, we can differentiate the log
density and, after some simplification, write the estimator (8) as

B (A + D).

where 0,(1) converges weakly to zero as At approaches zero. While this estimator is, under mild
conditions, unbiased for 4/(z) for all At, it clearly behaves badly as At approaches zero.

But we have more flexibility than (8) initially indicates. For any ¢ = 1,..., N, we may write
_E [/ y ./<1>(:EN)9(XZ-_1($), ) glon_ran) dey - dei|

Here, we have written X; 1 as Xi_1($) to stress that X;_; now has a functional dependence on
the initial state x through the Euler recursion (5). Differentiating inside the expectation and
integral and proceeding as before, we get the estimator

- L dX,
IOgg(Xi—laXi)Wl' 9)

- d
O(Xy)—

dX;

The new factor (which we will write as Y;_;) enters through the chain rule of ordinary calculus.

This estimator puts the dependence on z in the path up to the (i — 1)st step (as in the pathwise

method), and then treats X;_1 as a parameter of the conditional distribution of X; (as in the
LRM method).

Again using the fact that ¢ is Gaussian, we can write (9) as

3 AW, .
(X n) (m + Op(1)> Yioi.

Under mild conditions, this is unbiased for @/(z) for all At, for all i = 1,..., N. If we now
average these unbiased estimators, we get

. I

5



for small At. Thus, we recover the Malliavin estimator (4) as the limit of the average of
combinations of pathwise and LRM estimators. Theorem 4.5 makes this limit precise.

2.2 Vega

Next, we turn to the estimation of vega, or sensitivity to changes in the diffusion coefficient.
Suppose X¢ satisfies

AXF = p(XF) dt + [0(XF) +ea(XP) dWs,  XG =, (11)
for some &, and Z; = dX; /de satisfies
dZ; = p/(X5)Z5 dt + [0/ (X7) + 6(X{)) Zf dWy,  Z§ = 0. (12)

Let Z; denote Z; at € = 0. The Malliavin estimator for the sensitivity of E[®(Xr)] with respect
to € at € = 0 is (cf. Fournié et al. [7], p.403)

¢(XT){1Z/_§%/OT%M_%/O Dt<§§> %dt}. (13)

Here, D; denotes the Malliavin derivative operator.
For the Euler scheme, let Z; = dXi/de ate =0, fori=1,...,N. The pathwise estimator of
dE[®(Xy)]/de is
d'(XN)Zn. (14)
The LRM estimator has the form in (18), but € now affects the transition densities through their
variances rather than their means. Straightforward calculation shows that (18) becomes

N .
B(Xy) Z o(Xi1) (AWi2 - 1> . (15)

This estimator fails to converge as At approaches zero; so, as we did for delta, we combine
the ideas of the pathwise and LRM techniques with averaging along the path. Observe that, for
small e, the effect on Xy of perturbing o by €6 is the same as the effect of perturbing the initial
state z by eZn / Yy, provided Yy # 0. Thus, we may write the pathwise derivative in (14) as

d d o \ Zn
—®(Xy) = [ —B(Xy) ) =—.
de dx Yy
By converting the sensitivity to € to a sensitivity to x, we can take advantage of the derivation

in Section 2.1. In order not to rely on differentiability of ®, we can take the derivative with
respect to & by multiplying by the LRM factor appearing on the left side of (10) to get

AW . Iy
(NZ Xi1)At Op(1)> <I>(XN)Y—-



But multiplying by the LRM factor has the effect of differentiating the product ®(Xn)(Zy /Y ),
though what we want is the derivative of the first factor. To compensate, we subtract the
derivative of the second factor and (recalling that NAt =T') get

a A :
B(Xy) { (% > T op(1>> @ (%) } | i

This estimator subtracts a pathwise derivative from an LRM derivative.

The new term in (16) can be evaluated directly by recursively differentiating the Euler
approximation (5). To make its connection to the Malliavin estimator more evident, we again
average over the path and then use the fact that dX;/dAW; = o(X;_1) to get

A (Zy) L~ d (Zn)y  1gs o d(Zy) Ve
dx YN N i1 dXZ YN T i1 dAW; YN U(Xi_l) '
Substituting this expression in (16) then suggests the convergence of (16) to (13). We will show

that this approach does indeed produce estimators that are unbiased for all At and that converge
as At — 0. Some care will be required to handle division by Yy.

2.3 Rho

To consider sensitivities with respect to changes in drift, we consider a family of processes X¢
satisfying
dXy = [u(X7) +ey(XP)]dt + o(X7) dWy, - X =z,

for some v, and we consider the derivative with respect to € at ¢ = 0. The Malliavin estimator
for this problem is (cf. Fournié et al. [7], p.398)

T
O(Xr) /0 Zgg AW (17)

The Fuler approximation for the perturbed process is
X5 = (X)) + ey (X)) At + o (X70) AW, X§ =,

Letting g. denote the transition density for this Euler approximation, the LRM estimator of the
sensitivity is

(18)

N
A d - A

O(XN) ) 7z 1089:(Xim1, X))
i=1 e=0

The fact that the transition density is Gaussian simplifies this to

The convergence of this estimator to the Malliavin estimator (17) now seems evident, and is
stated precisely in Theorem 4.9.



3 Unbiased Estimators for Greeks

In this section, we derive estimators of delta, vega and rho that are unbiased for the Euler
approximation.

We define some basic notation that will be used later. We introduce two sequences of i.i.d.
random variables {£;,7 > 1} and {&;,4 > 1}, where &; follows the normal distribution with mean
0 and variance 1, and & the distribution of a truncated normal also with mean 0 and variance
1. The density function of the truncated normal is given by

0, w < Wr;
w2
flw) = Tcms'e_ﬁ, wr, < w < WR;
0, w > WR,

where the parameters C, J, wr, wg satisfy

wr = —wyg, > 0, C’>0 4> 0;

/wR

w2

Q

26dw—1

We write the Euler scheme as

X Xz 1‘1’#( i— I)At+0'( i— 1)\/_51 (OI‘ gz)

As in Section 2, we will denote by Y; the derivative of X; with respect to the initial state z; and
we will denote by Z; the derivative with respect to € in a perturbation that takes o to o + 5.
We will assume that the drift coefficient p and diffusion coefficient ¢ are both differentiable.
Then, Y and Z obey the following recursion equations:

Yl‘i’ﬂ(Xz l)zlAt+U( zl)le éz(
= Zia4+ W (Xi ) Zi At + [0/(Xi 1) Zi + 5(Xi—

N

&), Yo=1
1)|VAtE; (or fz) Zy = 0.
We also need the following technical conditions on the payoff function and the drift and

volatlhty functions. The payoff ® is a function of m variables, ® : R™ — R, given by
(X, -, X;,,) for some {iy, - ,ipm} C{1,...,N}. We require the following:

Assumption 3.1 There exists some positive integer p such that

y [®(as, -, 2)]
imsup
(@1, @)l ——+oo (155 Tm)[|P

< +00.



Assumption 3.2 1) u, o are twice differentiable;

2)

sup |1/'(z)] + sup |1 (z)| < +00, sup|o’(z)] + sup [o"(z)| < +oo;
x x x x

3) o is not degenerate, i.e., inf, |o(x)| > € for some e > 0;
4) & is also differentiable and

sup |G ()| + sup |6/ (z)| < +oo.
x x

Assumption 3.3 ~ is bounded,

sup |y(z)| < 4o0.
x

3.1 Delta

In the outline of Section 2.1, we averaged N unbiased estimators of delta with even weights
and considered payoff functions depending only on the underlying state at the claim maturity.
For the analysis of this section, we consider the more general case of uneven weights and path-
dependent claims, as in Fournié et al. [7]. With Xy = z, let a(z) = E[®(X;,, ..., X;,,)]. We
consider the estimation of 4/(z), the delta for the Euler approximation.

Theorem 3.1 Suppose the weights {a; : 0 < i < N} satisfy Z LiaiAt =1 forall1 < j <m,
and suppose Assumptions 3.1 and 3.2 hold. Then, the following is an unbiased estimator for
delta:

N
O(Xiy, -, Xi) Y ai- ()f( S VAt + I+ I, (19)
=1

where

Proof. According to whether 7 is greater than the first exercise date i1, we have two cases. For
i < i1, by the Markov property of X,
5 . d

Delta = %E@(&p o Xi )| Xo = 2] = —B[B[O(Xy,, -+, X,,) | Xi]| Xo = a].



Under Assumptions 3.1 and 3.2, we can interchange the order of differentiation and integration
(cf. Lemma A.3). Furthermore, using the chain rule, we have

d A S d A Lo dX;
Delta = E[%EFP(XiD---,Xim)IXiHZE[dXEFP(Xip---,Xim)lXi]' ]
d ~ ~ A

e im )| Xi] - Yi] (20)

Note that given X;, X;41 is normally distributed with mean Xi+u(Xi)At and standard deviation
o(X;)vVAt. By Lemma A.2,

d . . B d - . . .
dXiE[q)(Xip e X ) | X = dXiE[E[q)(Xip e X ) [ X ]| X
B . o o(Xi) | & 1 p(Xi)
= B X (€ -0 T 28 T s VAT G DL

Now substitute this equation into (20) to get that

kLt 1) T | G HEDY Ly
B Ke) {6 = 1) T2 T U(X)+F AR

is an unbiased estimator of delta.

For i,k > i1 and i; <,k < ij41 for some j, we have

E[<1>(XZ17 e 7Xim) ! {(5124_1 - 1) /( ) + £Z+1 . 1A + \/E . éi—l—l . lu/(XZ)

}v

o(X) VAL o(X) 7(X)
) ) ) o(Xy) € 1 O
_ E[q)(Xil,"'7Xim)'{(£]3+1_1) (X0 —|—j+_1t.0(j(k)—|—\/ﬂ-§k+1' U(X:)}-Yk]

Indeed, for any i; < i <ijy1, given Fj, = 0{&1,..., &},

) (X)) & 1 p(X) ¢
E[®(X;, -, Xi,)- {( 2,1 o(X) + \/Z_lt . (%) + VAL iy - (%) } -Yi| ]

= E[@(th’ 7thath+17' 7Xtm)
2 -1 Ul(Xz) éz—l—l . 1 At - ﬂ/( Az) f/z Y,
{GEERY o o YA am} R

Notice that

D R I .Ul(Xi) Sin 1 o (X;)
B, Kin) {6 =1 T8+ TR —rm VAL G D0} TR

d A A A
= E[dthE[<1>(Xt1, ce ,th, Xy

a1y T 7Xtm)|}—tj“ : ﬁ]

10



Now we take expectations on both sides of the equation to show that (21) holds. Given any

set of weights {a; : 0 <4 < N} such that 3.7 Ly aiAt =1 for all 1 < j < m, the expectation of
the estimator is

N N
E[<1>(XZ17 7sz) 'ZaiVAt i f —|—I—|—II]
i=1 o(Xi1
O-/ Xi—l éz /1,/ Xl—l ~
= a;At - E[® i1 - + _ + VAL A Y
Z {(é ) o VAt-o(X;—1 . o } ]

- ZaZAt E[® {(51—1)

= Z a; At - delta = delta,
i=1

where the third equality holds because of (21) and the identity ZZ]“ a;At =0. Q. E. D.

3.2 Vega

We take vega to be the derivative of u(z) with respect to a perturbation e that takes o(:) to

o(-) +ea(-),

vega = di E[®(X?

oo i

X5l

We will want to divide by values of the process Y, and to do this we must restrict the
process Y to be positive almost surely. This does not hold for the Euler scheme with normally
distributed increments, so we use the truncated normals &; in this subsection.

Theorem 3.2 Suppose Assumptions 3.1 and 3.2 hold and there exists a positive number w*
such that wgp = w* /v At and 1 — sup, |o'(z)|w* > 0. Then, for any weight set {a; : 0 <i < N}
such that ZZ i, 41 0At =1 for all 0 < j <m,

v = oG ) (S5 [ 3 g YERE TR

_L} f: aiAt- (111 + IV)}Y]

k=17 =ip_1+1

C kv ~ . (2 2 Y,
+ 6_% Z Z a; AtE[CP(XZl, ’le) |: "k Alk71:| ll
2mo k=11i=ip_1+1 Y;k i1 U( i—l) §i=wR
C M & = .12 2 y;
B e Z Z a;VALE[®(X;,, X ) | 2 Alkil} —
2mo k=11i=ip_1+1 Y;k i1 U(Xz—l) &i=wr,

11



where

"(Xio1)Yie1 VAL "X Y £2
IH_’u( Al) 1 : IV:U( ) [5_Z 1}
o(Xi-1) 0 (Xi-1) 0
and notation f(x1, -, Tn)|s;=w denotes the value of function f when x; is fized as w.

Proof. We first show that this result holds for ® with compact support and a continuous
derivative. Because 0®/0x;; is continuous in a compact set, it is bounded in this set. Using
Lemma A.1, we can take the derivative inside the expectation to get

d . S ST
vega = | B[O(X[, - X)) E[;:1 aXij( ) w) - Zi] (22)

Under the choice of wg, Y; is positive almost surely for all sufficiently large N because

su "z
Y; = Hl—l—,u i—1) At + o' (X;_1)VALE) >H W—Sup|al($)|w*)>0.

Thus, we can divide and multiply by Y; simultaneously in the expectation of (22) to get

_N>

Vi), (23)

m
od | 5
vega:E[g — (X, X)) -
—~ 95X, Y,

For any weight set {a; : 0 < i < N} such that Z?:in a; At = 1, notice that Z(]/% =0,

= [fe - Be] =S 3w [ Bl
Y = Yie i k=1 i=ip_1+1 Y, i1

Plugging (24) back into (23), we have

S Y RS Sl [Ze Zaa
vega = E[;@(X”,“',le) Z[ Z azAt} [?k_ﬁ } YV%]

vega = Z Z a; At - E[ ?Z };aa;f (Xiy, o X)) V3]

k=11i= Zk 1—|—1 k—1 ] ]
Z; LAY . V.
- 3 3 sl ] 3 R £ 3R
k=1i=ip_1+1 Y Yii =k aXij Yi



Notice that Y;,/Y; = (dX;,/dx)/(dX;/dz) = dX;,/dX;, so

& Zi Zi 1 N 00 :
. A A f A
vega = Z Z a; At - B[| 2 — == Zf(Xllv , Xi) - = - Yl
k=1i=ip_1+1 -Yi, Yip_y - =k aXij Yi
m U £ - m O
rZ; Zi, 7 od | - A dX;. -
- Z Z a; At - B - Zf(XZU s Xim) - -Yi)
k=1i=ip_1+1 Y, Y, - j=k aXij dX;
m (% S 5
'Z' Z - dq) . . .
= Z Z aiAt ’ E[ Alk - Alk71 : —A(Xip e 7Xim) : Z]
k=1 Z':Z'k,1+1 _Yvik ik*l - dXZ

where the last equality holds by the chain rule of ordinary calculus.

Let F; :Aa(glj e ,éiA_l, ity ,EN), the o-algebra generated by all increments except &;.
Note that dX;/d¢; = o(X,;-1)VAt, so

i i b A A Zz ZZ'7 dd . . A
Bl Ze - T ] B R ] = ElE( T ] TR ) A
Y, e, 4 dX; Y; Y, 4 dX;
= B2 - Zh] DK, R Vi)
Vi, Y.l dX;
SIS 15 ARIEIS of) P |
Y, Y, ! d& dX;/d&;
WR 7. Zz R R v w2 R
= E[E [?Zk _#} 'd_<I>( iy Xip) =3 & g - e 25 dw;|Fi]. (25)
wr, lek YVZk—l dw; O'(Xi_l)\/At V2md

We can evaluate the integral as
[
wr, YVZ Yvik,1

_ /WRq),e_Z_g.{[?ik—%ikl ﬁ%_i[@_@}ﬁ— %ik_?ikfl} dﬁ}dﬂh
Y, Y T

wr k lg—1 i k-1 k lg—1
7 7. 2 7 7 w2
i ig—1 > Y Z; ig—1 O B
n [AR—A } OV e [k - } OV e (26)
Yi, g1 i=WR Yi, Yi, o Wi=wL

13



Thus, combining (25) and (26), we have

B[ - = — (X, X)) Vi)
Y,ik Yvik71 dXZ i1 i i
R R 7. i ¢ d 2. 7 Y;
= B[B(R, o K[ ] S [T Zem )T
Y;k Y;k 1 dél Y;k Up—1 U(Xl—l) At
5 5 Zi Zi . (X
B, K, (D D)y T
Yik Yikﬂ U( Z—l)
SR TR I B T PP
2mwd Y;k YVZk—l O'(Xi_l) At lwi=wg Y; Yvik71 O'(Xi_l) At lwi=w,
Because
— | = — == . = == = —— — —= Y, = —| = — —
&Y Vi) o(Xio)VAE  dX LY, Y, dely, ¥,

and Y; = Y;_q + ,u’(f(i_l)?i_lAt + 0’()21-_1)?}_1 VAt - &, the conclusion follows.

To finish the proof, we can apply Lemma B.1 to extend the conclusion to a general payoff
function ® satisfying Assumption 3.1. Q. E. D.

3.3 Rho

We define rho to be the derivative of u(x) with respect to perturbation e that take the drift u(-)
to p(:) +ev(+). In other words,

d . .
ho=—| E[®X:, -, X¢
rno d€ =0 [ ( 217 ) zm)]

where
X = X7+ (X7 ) +ev(XE)At+ o(XE VAL &

Let U® be

N - N
€ ox v(Xi-1) 1l o Xas) o
U® = exp [6;70()@_1)\/&& 26 ;[70()@_1)] At

It is easy to check that U¢ > 0 and F[U¢] = 1. Thus, we can define a new probability measure
using U®, P*(dw) = U°P(dw). Moreover, it is easy to see by direct calculation (cf. Lemma C.1)
that this change of measure corresponds to a change of drift, in the sense that

E[®(X, - X; )] = E[®(Xy,, -, X,,) - U, (27)

117
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Theorem 3.3 Suppose that Assumptions 3.1, 3.2 and 3.3 hold. Then,

A A Sy (Ki)
rho = B[®(X,,, -, Xi,) - > —=—-VAL].
o o(Xi)

Proof. Fix a compact neighborhood of ¢ = 0, say, K. By (27) and the Cauchy-Schwarz
inequality,

117

N
|§(E[<1>(X.6 7X.€m)] — u(z)) _E[q>(f(i1’ . 75(%) V(Xz 1) \/_é’z]l

=1 (XZ 1)
~ N 1 c ~ N Xz 1 /
= |E[¢(Xi1v o 7Xim) : E(U - 1)] - E[¢(Xi1v o Z X 51”
i=19 Z_l)
N (X
< [BI®(X,- -, Xi,) V2 (B Z” =) R

Zlo-XZl

The mean-value theorem implies that, for any ¢ € K, there exists a random variable 6(¢) € K
such that

N

| v(Xi_1) ,
E(U _1) _;U(Xi_l) \/Eéz
N B N B
_ ) . v(Xio1) B Y(Xim1) o 1(Xi1) 2
U Z: Za) VALE — 0(e ; o) [2At)? ;[U(XZ 1)] At]

The function 7 is bounded according to Assumption 3.3 and 1/¢ is also bounded by the nonde-
generacy assumption 3.2. In addition, #(¢) is in a compact neighborhood of ¢ = 0. Thus, the
right hand side will be bounded by

exp012¢_|sz|+02T CsZAt sl+c4z¢_|@|+05T>

where C;,1 < j <5 are constants which do not depend on the realization of §; and €. It is easy
to show that this quantity is L? integrable, which implies

X
sup I 27 ) VRRE? < oo

eeK leXll

Combining with the fact that ® is L?, we have shown that

d Sy (Xiy)
fho = G| BIBCKE, - 5] = BIOCK, - X)) N VAR

Q. E. D.
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4 Convergence Results

In this section, we show the consistency between the estimators obtained in Section 3 and the
Malliavin estimators. We prove that each of the unbiased estimators converges in distribution to
the corresponding Malliavin estimator as N — +o00. The theoretical cornerstone of this analysis
is the theory of weak convergence for stochastic differential equations. We review the necessary
results in Appendix D. For further background, see Jacod and Shiryayev [11] and Kurtz and
Protter [15], [16].

In this section, we attach the index N to all processes for emphasis. For each positive
integer N, there is a probability space (QWV), F(N), {ft(N)}, PW)) and on it deﬁned a sequence

of random variables {fi(N), 1<i< N}or {EZ(N), 1 <i < N}, where .7-"(N) ( , e ,£[Nt/T])
or 0( , e ,5[ N /T]) The following technical result about the tightness of the processes
[Nt/T] [Nt/T]

LN = N Vare™ and LV = ST VAarmg™)
i=1 =1

will be used repeatedly. For the definition of P-UT, see Appendix D.
Lemma 4.1 Processes L&) and L&) are P-UT.

Proof. Without loss of generality, we only consider the case of L(™). For any elementary
predictable process

k
N N N
HY = ¥ 10y 4+ 3 Y (0
i=1

defined on the probability space (QN), F(N), {ft(N)},P(N)) and satisfying |YZ.(N)| < 1 for all
1 <14 <k and for any a > 0, by the martingale inequality,

E[LM), L), A () [N/
2

Var[¢

t
P(|/ HMAEM| > q) < -
0

Because the variance of éj(»N) is 1, the right side of the inequality above will be

Ay BT N, /T
a? Z Var[éj(» )] - %
j=1

and will converge to 0 as a — +o0o. In addition, notice that the right side does not depend on
H and N. Thus,

t
lim sup (|/ ng_v)dLgN” >a) — 0.
A=+ (N eH(N) N 0

ie., LN) is P-UT. Q.E.D.

16



4.1 Preliminary Convergence Results

First, we establish the result of weak convergence of processes (X )y, z(v )) with incre-
ments V) or €M), For this, we need the following conditions on the truncation of the normal
distribution:
Assumption 4.1 w%N)
sup,, |0/ (x)|w* > 0.

= —w(LN) = VNw* where w* is a positive number satisfying 1 —

Lemma 4.2 Suppose Assumptions 3.1, 3.2 and Assumption 4.1 hold. As N — +oo, we have
(XM, Y™, Z20) = (XY, Z).
where (X,Y, Z) is a global solution of the following SDE:

dX; = M(Xt)dt+0(Xt)th;
dy; = M/(Xt)ndt + Ul(Xt)Y;gth;
dz; = ,LL/(Xt)tht + O'/(Xt)thWt + 5'(Xt)th

Proof. Introduce functions

p(x)  o(z)
g(N)(ZE,y,Z) :g($7yvz) = M/(:E)y 0/($)y
W(r)z o(x)z+5(x)

Thus, (X(N), Yy, Z(N)) and (X,Y, Z) are the solutions to the SDEs:

t
M = [0 (or dLf)

and
t
M, = / o(M,_)dW,,
0

respectively. From Donsker’s invariance principle, we know that both of (™) and L(Y) weakly
converge to Brownian motion W. By Lemma 4.1, the processes L) and L) are P-UT.
Thus, applying Lemma D.3, we have the conclusion that (X(N), Yy, Z(N)) = (X,Y,Z) in the
Skorohod topology if the solution (X,Y, Z) exists globally. Q. E. D.

Remark 4.3 This lemma implies that Y s q tight process. In other words, we have the
following limit holds (cf. [11], p. 850): for any K > 0,

lim PV (sup (VY] > K) =o0.
N 1<i<N

17



4.2 Convergence of Delta Estimators

To show the convergence of estimators for delta, vega and rho, we need another two assumptions:

Assumption 4.2 ® is a.s. continuous under the measure of Xy, i.e., there exists a set E C R™
such that ® is continuous outside of E and

P((Xpy, -+, Xy,,) € E) =0.

Assumption 4.3 There ewists an L? function {a; : 1 < t < T} for which the sequence of
weights {al(-N) :1 <i < N} satisfy

lim sup |a ) —ay| =0.
N_’+°°0<t<T| [Nt/T] |

Lemma 4.4 Under Assumptions 3.1, 3.2, and Assumptions 4.1-4.3,

/
™ = (XM, ... Z v, 7Ky X (VAL N2 A = g
and

)
D /A NN AN =0,

N /X(N
1109 = a(XN LX) (36l wXiy)

= oxY
Proof. Notice that E[((€\")? — 1)((6\™)2 — 1)] = 0 for all i # j and E[((&)? — 1)?] = 2

because éi(N) and éj(»N) are independent standard normal random variables. We have, by the fact
that o is not degenerate and ¢’ is bounded,

N - (N)
o' (X))

PIY o) TR (VA ) Al
=1 i—1

Ma BN g™ - n1ady)

N

Q

&

=
M=
[]= 2
=)

By Assumption 4.3 and the triangle inequality,

T
(N 2 A 1(N) 2
sup g At < sup sup |a —ay —I—/ a;dt < +o0.
N N 0<t<T| [Nt/T] | o

18



Thus, Zf\il a( ). (X(N )/O'(X(N ) (VALY £(N )2 — AtV)] converges to 0 in L? as N — oo,
which also 1mphes weak convergence in the Skorohod topology. On the other hand, using
Assumption 4.2, <I>()A(i(1N), e ,)A(Z(n]j)) = ®(X;,, -, X;,). Combining both, we have IN) = 0.

For IT(N) applying Lemma D.3 and using the fact that (X)), Y(N) Z(N)) weakly converges,

we have that ZZ 1a Z N) 'u’(Xi(iVl))/a(Xi(iVl))vAt(N) -fi(N) weakly converges. Thus,
/ - (N)
Z (v NX_) / E(N) t(N) 0.
o(X(%)

Using Assumption 4.2 again, we find that 7I™) = 0. Q. E. D.

We now come to the main theorem of this subsection.

Theorem 4.5 Under Assumptions 3.1, 3.2, 4.1, 4.2 and 4.3, the delta estimator (19) converges

weakly to

Y,

T
X, - X, ). _t )
( t17 bl tm) /0\ atO'(Xt) th

Proof. Define functions

(N)( (N)

x 's):—y (z,y;8) = LA
» Y5 0_( ) [Ns/T]’ g\x,y; O'(ZE) S

g

It is easy to see that for any compact set K, we have

lim  sup [g™ (2, y;5) — g(a,y;8)| = lim Supla N —as) =0
N_>+oo(m,y,8)€K (Ly K () N—+oo se i [Ns/T]

because y/o(x) is bounded when ( y) € K. Thus (32) holds. Applying Lemma D.3, we have

A
Z(N Zl \/mg(]vj/ at Wi

~ (N
Combining this with Lemma 4.4, the theorem follows. Q. E. D.
4.3 Convergence of Vega Estimators

This section establishes the convergence of the vega estimators we derived in Section 3.

Lemma 4.6 Under assumptions 3.1, 8.2 and Assumptions 4.1-4.5,

i iK 1 (N)yp-(Y) F(N)
S AN I 3 ) At(N).”(Xijl(])VY)%—l .VA?(]]VV))@
i=ip_1+1 i=ig_1+1 o(X;27)
and
iK ik /X(N) (V) F(N)y2
SodMa™ .y = 3 aEN)AtUV)-U( — ])V SEL RSN}
. . @) ) §(V)
Z—Zk,1+1 Z—Zk,1+1 0( 11—
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Proof. Using arguments similar to those in Theorem 4.5, it is easy to show that

ik X(N) Y( ) 5 tr XY,
Z aZ(N) ) (Z—()]V)Zl ‘/At(N)é’i(N) - astWS.
i=ig_1+1 o(X;_y) -1 o (Xs)

On the other hand, by Assumption 4.1, |wg| = |wr| = vV Nw* — 40co. Thus, both CV) and
6N in the definition of the truncated normal converge to 1. Then we have

i (N) ik ( Y(N
S a@a g~ AN S o0 HEEDEY e
e ! sIN) » i (X(N

1= _1 1=k -1

Using the fact that ¢’ is bounded and that o is nondegenerate, and letting Tb(N) = inf{j :
|f/j(N)| > b} for any b > 0,

Uk (XTI (@2
E Z al('N)At(N) : 1N [ Ny 1]-1 AN |2]
i=ip_ 41 U(Xi(_l)) s() {r, "' >i}

< B a; At s JE? =101 o, P
(5(N))2 i:g:l—l—l O-(Xz(ivl)) {m, =i}
1 S o O(X Myt 2
+2(——= — 1)2- E|| a; JANASAD R ik e i S IR L7
(5(N))2 i:g:l—l—l O.(Xl(ivl)) {m, =i}

(28)

Because the variance of EZ( is 1 and {Tb > i} is F;_ v )-measurable the sum in the first term
of the above inequality is a martingale. By the orthogonahty of martingale differences,

V) ) o/ (XY s 2
Bl . Z ai AT N (S A AR Y ULy
Z:Zk,1+1 0( i—l)
0. N~ e CEEDYY a0 2 A/
=i _1+1 0( z—l)

iy

(A
i=ip_1+1

IN

Noting that the variance of §§N) is 1 and the fourth moment of £§N) is less than 3, we get
~(N ~(N ~(N
Bl - 1P) = BIA™M | - 2B(Ia8 P + 1< 2.
Thus the first term in (28) converges to 0. It is easy to see that the second term in (28) also

converges to 0 because 6V) — 1 and supy E[| S 410 EN)At(N) (o '(Xfﬁ))?;(_]{))/a()%fﬁ)) :

{ (N)>Z.}| | < +00. Thus, the left hand side of (28) converges to 0 as N — +o0.
T, >

20



M AN IV it remains to verify that

= ik 1—|—1 Z

P (M) > N) — 1. This holds in light of Remark 4.3 after Lemma 4.2. Q. E. D.
b

To show the weak convergence of > %

Lemma 4.7 Under all assumptions in Section 8 and Assumptions 4.1-4.8, we can find some
constant C (not depending on N ) such that

S(N) Z(N) ?i(N)

v (V) o (V) i -1 -
sup E[O(X; "/, , X, )| = . - 5 | <CN
R 1 : [YiiN) Y;ffvﬂ (X)) LEN):w%,N (or i)

where p is the growth rate of the function ® in Assumption 3.1.

Proof. Because the arguments are symmetric, we consider only the conditional expectation on
the condition that £§N = wg%N).

By the definition of YY) and Z(N), we know that

~(N A(N) i (N
200 45 s s VARG
(V) (N) (N) )
Y;k Yvikfl J=ig—1+1 Y;

Using the arithmetic-geometric mean inequality,
1
abed < Z(a4 + bt 4+ 4 dY), for a,b,c,d >0,

the polynomial growth of ®, the nondegeneracy of o, and the boundedness of &, we get that
there exists some positive number C; which is not dependent on IV such that

2N N

EH(I)(XZ(N)’ e 7XZ(N)) . Aik _ Azk,l | ) ]
1 m |:Y'ZiN) Y(N) } (X(N)) LEN):wgV)
S A , \/W|5(N| A
N N N

<o Y BeE™ o xS gy

- |Y. | £y

J=tp—1+1 f

A (N .
< Z {E]|®( X(N,"' 7Xi(m))|4‘ ]+(At(N))2E[|£§ )|4‘£(N)_ (N)]
7 —’LUR

F(N)_ (N)
J=tg-1+1 & =wp

~(N) _ (N
—I—E[|Yj( ) 4‘£<N>_W<N>]+EUY%( )I4‘£<N>_w<w>]}
i TWgR ¢ TR
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By Lemma E.1, Lemma E.2 and Lemma E.3, we know that the right side of the above inequality
is bounded by

G B, S I

J=ig—1+1

+supE[|%<N>|—41

(N
£<N>:w<w>] + (AtN)2E an(' )|4‘5<N>:w<w>]
i R i R

+ sup B[]
J

; ] - I}
§(N):w(N) ﬁEN)=wgv)
N) ~(N
< Z (O BIEY Pyl + QEOPBIENI Ly ]+ Co +Ca)
J=tp_1+1 k=1 R & =wy
(&1 b1
s 7 Z {mCyNP~ 4+ C5 + Cy + C3}

J=tg-1+1
where Cs, C3, C4 and C5 are constants not dependent on N. Thus, we can find some C' > 0
>(N) 5(N) (N
R R Z. Z; Y.
EH(I)(X-(N),"',X-(N))'[A% T 1}' i |‘~N N]
“ tm Y(N) Y(N) O'(X(Nl)) gf ):w%)
1k 1— .

1k—1

< CNP

Q. E. D.

Theorem 4.8 Under Assumptions 3.1, 8.2 and Assumptions 4.1-4.3, the estimator in Theorem
3.2 converges weakly to

m t
o0 ) (S [GE-F2] [1 apsaw- [2e])

Proof. Using Lemma 4.6 and Lemma 4.7, we only need to show that

i N ARVINTE IO th %
aZ(N) i_(i\/) . & 3 :>/ as————dW, (29)
i=ip_1+1 U(Xi—l) 0 tp—1 O(XS)
and
(N)
d 1%, d [Zy,
E[Y,(N)} = dr [y;m} (30)

Equation (29) holds by arguments similar to those used in the proof of Theorem 4.5 and the
fact that L(™) is P-UT (cf. Lemma 4.1).

Notice that
~(N) 5 (N)

az™) Az N (V) oy dZD .
o = L )Y 20 (I T A 16 (X )7
5 (N0 (N) 5(N) o0, 425
+[0//(Xi—1)yi—1 Z; +0/(Xi—1) d;:_ ]5i
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ay' ™) d?i(_N) 5 5 . d?@-(_N) N N
= L X)) E )= A 4 (X))
™
o' (X)) — g™

Using arguments similar to those in Lemma 4.2, we can show that (dZM)/dz, dY ™) /dz) =
(dZ/dx,dY/dz). Thus,

g[zf,ff) _azy 1z )y az, 1z, Y, A [n]
dr Ly dz y(N) M2 dx dez Y, (V3,,)? dx dz LY,
Q. E. D.

4.4 Convergence of Rho Estimators

In this section, we turn to the convergence of the rho estimators. Because the necessary argu-
ments are very similar to (and simpler than) what we used in Theorems 4.5 and 4.8, we just list
the theorem as follows without detailed justification:

Theorem 4.9 Under all assumptions in Section 8 and Assumption 4.2, the estimator given in
Theorem 8.8 converges weakly to

T
<I>(Xt17 T 7Xtm) : /0 Zgij dW.

The rest of this article presents technical results in appendices.

A Differentiating Under the Integral

At several places in the paper we need to interchange the order of differentiation and integration.
We justify such interchanges in this appendix.

Lemma A.1 (Theorem A.9.1, Durrett [6]) Let (S, S, 1) be a probability measure space. Let
f be a real valued function defined on R x S. Let € > 0 and suppose that for x € (y — €,y + €)
we have

= [ f(x, s)u(ds) with [¢|f(x,s)|u(ds) < +o0;
2) for ﬁmed s, af/azn exists and is a continuous function of x;
3) v fs a5 (, s)p(ds) is continuous at x = y; and

4) fs f55 a5y +0,5)|dOu(ds) < +oo
then u/(y) = v(y).
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The following two lemmas are used in the derivation of estimator delta:

Lemma A.2 Suppose that X is normally distributed with mean b(x) and variance o?(x), where
b(-) and o(-) are both continuous and differentiable, and o is bounded away from zero. Suppose
f satisfies the following property: there exists some positive integer p such that

lim sup W)l < 400
lyl—too U7
Then,
dr T=x0 O'(ZE(]) 0'(:170)

where £ is normally distributed with mean 0 and variance 1.

Proof. Fix a neighborhood of xg, say, [z9 — €, ¢ + €]. Because b and o are continuous,
each attains its minimum and maximum on this interval. Thus, there are positive constants
C4, Cy, Cs, Cy, C5, Cg, which are not dependent on x, such that

d 1 (y = b(a))?

T e R A T
L b@)? = b@)? Y o)y b)) V()
- |f(y) (271')1/20'(!17) p( 20-2(:1;) ) {( 0-2(;1;) 1) 0‘(;17) + O'(:E) O'(ZL')}|

< O1-1f(y)| - exp(—Csy® + Csly|) - (Cay® + Csly| + Cs)

for all x € [z¢g — €, 29 + €]. Because f grows polynomially, the right side of this inequality is
integrable. Thus Assumption 4) in Lemma A.1 holds. Now we can take derivative at x = x
under integral to get

d d 1 (y — b(w0))?
TEIf(X)] = —/f(y) m exp(— 2027(;55)) Y
b(z
= / T & on 1/20(:00) oxp( %) Y
(y — b(20))?
= [0 Gy v s
b(

><{((y—b(:ﬂo)) _1>'0’( 0 Y-

o?(xo)

Let w satisfy y = o(xg)w + b(xp). Then,

; - ! L o' (xo) b (o)
2z PVl = /f(a(%)w +b(z0)) (2m)1/2 rexp(—gw?) - {(w?* — 1) - o T Ydw
— Elf (o)t + o)) - {(€2 — 1) T ¢ K0y
O-(:EO) 0'(:170)
Q. E.D
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Lemma A.3 Under Assumptions 3.1 and 3.2,

d . . .

Delta = B[=E[®(Xy, -+, Xi,)|Xi]

Proof. Fix a neighborhood of z, say, [x — €,z + €]. By definition,
d i
Delta = % /E[¢(Xi17 cee 7Xim)|Xi = :EZ] . jl:[lg(:Ej_l, :Ej)d:El cedxy
where §(xj_1,x;) is the transition probability density given by

A 1 (o) —wj1 — /L(Sﬂj—l)At)z)
Tj_1,Tj) = —F—— -exp | — .
§@j-1, ;) V2rAto(z;_1) P ( 202(zj-1)At

To interchange the order of differentiation and integration, we note that E[®(X,,---, X;, )| X; =
x;] grows polynomially with respect to x; because of Assumption 3.1 and the exponential decay
of the Gaussian transition densities. Using similar arguments as in Lemma A.2, we can apply
Lemma A.1 here to obtain

. . d :
Delta = /E[<I>(XZ-1, o X )| Xa = @il - gl 2) - [T9(j1, zj)day - - -da;

=2

d i
- - - Lg(x,x1)
/ (X, X )X = 1] o(z.21) jl |lg(:nj 1, xj)dxy - - - dx

= /E[(I)(}A(il’ e 7sz)|Xz = 2] {((lﬂl —:2&§Lilz)At)2 B 1) ' o'(z) + x1 —x — p(x)At '
LR @Al

U(:E) g(:Ej_l, :Ej)d:El s d:EZ

j=1

= BBR(X,, -, X)X { (8 -1)

P & 14 d@A
o Ve e )

By Lemma A.2, if we view X; as a function of X1, we get

BB, )5 {(6-1) - 28] 4 A Lrroan,
= E[%E[@(Xil, ,sz)|XZH
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B One Lemma
Lemma B.1 Theorem 3.2 holds for any ® satisfying Assumption 3.1.

Proof. It is easy to see that ® satisying Assumption 3.1 must be an L? function because its
growth rate is polynomial and the probability density function of X decays exponentially. Thus
it can be approximated in L? by a sequence of functions ®”, each having compact support and
continuous derivative,

lim E[®"(XF, -, X] )] = E[®(Xf, -, X7 )]
n—oo
Given a fixed neighborhood of € = 0, say, K, for smooth payoff functions ®", following the
derivation in the proof of Theorem 3.2 for the case of ¢ = 0, we can also obtain an unbiased
estimator for the case of an arbitrary ¢ € K of the form
d . .
— E[®"(X? Xi )] = E[®"(X? X; )-D(e)]

- £, XS £, XE
where D abbreviates the other terms in the estimator. By the Cauchy-Schwarz inequality,
|E[®"(e)D(e)] — E[®()D(e)]| < E[|®"(e) — ®(e)*)"/*- E[D*(e)]'/?,

where ®"(¢) and ®(e) abbreviate (X%, - - - ,Xf ) and ®(X

217

X£).
) Im

The right side of this inequality is continuous with respect to €, so there exists an € such
that

Zl"“

sup |[E[®"(e) D(e)] — E[®(e) D(e)]| < E[|9"(¢) — ®(¢)[*]"/? - E[D*(e)]'/2.
eeK

Thus, E[®"(X], -+, X ) D(e)] converges to E[®"(X?,---, X[ ) - D(e)] uniformly on K be-

11?
cause E[|®"(¢) — ®(£)|?] — 0 as n — +oo. We can interchange the order of differentiation and

limit here to get that

d ; ' = . ... X. .
| B XE )] = B@(Xy,, - Xi,) - D(O)],

11

where D(0) is the factor appearing that multiplies ® in the estimator of Theorem 3.2. Q. E. D.

C Discrete Time Version of Girsanov Theorem
The following result is well-known, but we include the proof because it is short.

Lemma C.1 Define a new probability measure dP = UdP. Then,

_ 67(X1 1)At)2
Z O'(Xz 1) dw1 . d’wN

=1

PE[VAtg € dwy, -+ VAN € dwy] =

N =

1
@ragnz P [ N
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Proof.

PeVAt € dwy, - VAN € dwy] = U P[VAL € dwy, -+, VAL N € dwy]
N N N
i T W PR ACTp A P D NI S N
- P [52 O'(Xi—l)wZ 2° Z[U(Xi—l)] At} (2m At)N/2 exp( 2 ; At)dwl dwy
N
1 1 X;_
= —————— .exp [ - — 2:(10Z - eLI;At)z} dwy -+ -dwy

Q. E. D.

D Weak Convergence of Stochastic Differential Equations

This appendix presents a lemma, based on Kurtz and Protter [15], on the stability of stochastic
differential equations that serves as the theoretical foundation of Section 4.

We work with a sequence of probability spaces (Q(N) F(N), {ft(N)}, PM)Y and a probability
space (Q, F, {Fi}, P). For each N, an m-dimensional cadlag process L(") is a semimartingale de-
fined on the probability space (QV), F(N), {ft(N)}, PW)) which is adapted to filtration {ft(N)}.
Let ¢ : RF x [0, 4+00) — M*™ be a continuous function mapping a point in R¥ x [0, +-00) to a
k x m matrix in matrices space MF™. We assume that a pair of k-dimensional processes MY
and UW) satisfy the following SDE:

t
mm:§m+/¢mwgwﬂﬂg)
0

Similarly, on the space (Q, F, {F:}, P), we have a triple (M, U, L) and a continuous function g
such that

t
Mt = Ut —|—/ Q(Ms—, S—)dLS. (31)
0

We would like to present a sufficient condition under which processes M) converge weakly
to M. But before doing that, we list several definitions that we need later.

Definition D.1 (Elementary Processes) An elementary process is one of the form

k
H, = YE]]‘{O} + Z nl(si,si+1](t)7
i=1

for some positive integer k and 0 < s1 < -+ < Sgy1, with Y; Fs,-measurable and |Y;| < 1. The
set of all elementary stochastic processes is denoted by H.
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Definition D.2 (P-UT Condition) A sequence LW of adapted cadlag k-dimensional pro-
cesses defined on probability spaces (QN), F(N), {ft(N)}, PW))Y s said to be predictably uniformly
tight (or P-UT) if for every t > 0

t
lim sup P(N)(|/ HS(]_V)dLgN)| >a) =0.
A=+ (W) e ™) N 0

We now have the following lemma on the weak convergence of MN):

Lemma D.3 Suppose that (UN), LN)) converge weakly to (U, L) in the Skohorod topology and
that LW is P-UT. Assume that ¢™) uniformly converges to g locally, i.e., for any compact set
K c RF x [0, +00),

lim  sup g™ (x,t) — g(x, 1) = 0. (32)
N—+o0 (z,t)EK

If there exists a global solution M of (31) and weak local uniqueness holds, then (UM, LV pr(N)) =
(U, L, M) in the Skorohod topology.

Proof. The result follows from Theorem 5.4 in Kurtz and Protter [15] or Theorem 8.6 in
Kurtz and Protter [16], provided we can verify condition C5.4 in [15] or condition 8.5 in [16].

In fact, suppose T[0,+00) indicates the set of all nondecreasing mappings A of [0, +00)
onto [0, 4+00) such that A(t + h) — A(t) < h for all t,h > 0. Then, for any compact set C' C
Dgi[0,+00) x T[0,+00) and t > 0, we can find a compact set K in R¥ x [0, +00) such that
{(Wr@), A(8)) : (¥, A) € C,s <t} C K and

sup  sup [¢M) (ya(s), A(8)) — g(yas) A < sup |9 (z,t) — g(a,1)).
(y,N)€C s<t (zt)eK

Thus, (32) implies C5.4 in [15] and condition 8.5 in [16]. Q. E. D.

E Uniform Bounds for the Moments of X¥), Y(™) and (Y(™)-!

In this appendix, we derive various upper bounds for the moments of X ), Y(V) and (Y(N ))_1
used in the proof of weak convergence of the vega estimators. Throughout this appendix, these
processes are assumed to be constructed from the truncated normal increments fi(N).

Lemma E.1 For any j,

sup sup E[(Y;(N))_4|£§N) = wgv)] < +o0.
N 1<i<N
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Proof. By a Taylor expansion of function 1/(1+z)? with Lagrange remainder (Abramowitz
and Stegun [1], p.880), we have
1 10z?

] 4y

I+ T aTep
for some 6 € (0,z). Furthermore, if we fix some positive number e and consider the interval
[1—sup, |o'(z)|w* —¢, 1+sup, |0’ (x)|w*+¢€], we can get an upper bound for the function 1/(1+x)
by letting m* be the maximum value of 1/(1 + z)°® over the interval:

<1 -4z + 10m*z>.
(1+$)4_ x + 10m x

Notice that for ¢ # j,
1 (XY AN 16! (X)W AMEMN] < sup |1/ ()| AN + sup o’ () |V At N

= sup |/ ()| AtNY) + sup |0’ () |w*.

Thus, 1 + p’(Xi(iVl))At(N) + a’(Xi(iVl))\/At(N)gi(N) lies in interval [1 — sup, |o/(z)|w* —€,1 +
sup,, |o’(z)|w* + €] almost surely when N is big enough. Thus,

(14 (XD AN 4 /(X)) ArMgN) = <
1= 4 (X)) A 1 o/ (X)) VAMEN] 4 10m* [ (X)) AN 4 o/ (X)) VArMEN)2.
(33)
Consider any 1 <1i < N, i # j. Without loss of generality, we assume that i > j. By (33),
(V)Y = wi)
i J
(D) Bl+ (X)) A 4 o (X)) VAEN) = 716N = wiy)

)
E[(Y,"
< (1+ (4sup|p/ (2)] + 10m* sup o (x) ) At 4 sup |1/ () 2(AtN)2) - BI(I)EN = wlY)

Induction leads to

5 ! * ! (N) 102 AHN) 2 YN =1
sup E[(Yi(N))_‘l] < (14 (4sup, |p/(x)| + 10m* sup,, |o (:E)/|2)At + sup,, |1/ (z)|?2(AtV))2) ‘
1<y T sup, [o/ (e[ — ¢

because the jth increment is given by 144/ (X i(ivl))At(N )40’ (X Z(ivl)) AN )wgv) which is bounded

by 1/(1 —sup, |o'(z)|w* —¢€). As N — o0, the limit of the right hand side exists. Accordingly,
S(N)

SUp y SUP; <j< N E[(YZ( )) 4 < 400. Q. E. D.

Lemma E.2 Suppose that p is a positive integer. Then, there exist some constant C' which does
not depend on N such that

sup E[(XM)2EN) = wiV] < onve,
1<i<N
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Proof. Without loss of generality, we only consider the case i > j.

i

E[(XMIEN =) = B[O (XM AN 4 o (X AMEN )2 g = 1Y)
k=1
< 27 B[ (XA + o (X)) AN )2 — wih)
k#j

+22 7 Bl(p(X ) AN + o (X[ w*))
. _ 5 5 AN
< 2PN YT B[ ANY) 4 o (K1) VAN )
k#j
F2 B (X AN o (X)), (34)
Note that E[(E,QN))%] < E[(6™))?] where £(V) is a standard normal with mean 0 and variance
1, and recall that AtWN) =T /N. Then, there exists some constant C; and Cy such that

o - ~ C
Bl(u(X DAY 4 o (XD VAMEN)2] < 207101 - (AN 1 (AdM)p) < 2 (35)

Together, (34) and (35) imply the statement of the lemma. Q. E. D.

Lemma E.3 For any j,

sup sup E[(?;(N))4|E§N) = wgv)] < +o0.
N 1<i<N

Proof. Without loss of generality, we only consider the case of i > j.

i

E(AW™N =wi) = BT+ #/(X) AN 4o/ (XD VAMIENHEN = V)
k=1
i—1
= B[]+ #&EDAD 4 o (X )V ArMEN)L
k=1

Bl(1+ /(X)) At) 4 o/ (X )V AEN Y, 6N = wl ]

Because the functions 4/ and ¢’ are bounded, there exists some constant C' such that

E[(1+ (X)) 4o (XA MEN) 7, EY = wi?) < (14 0t 4 o(at M),

By induction, we know that
B[V NEN) = wd) < (14 CAt™ 4 o(AtMN) 1 (14 sup [ (2)| At + sup [of () |w).
Thus,

sup B[V = wi] < (14 CAN 1 o(AtM))N - (14 sup | (2)| ALY + suplo” ()] w").
1<i<N x x

As N — 400, the right hand side of the inequality approaches a finite limit, and this proves the
lemma. Q. E. D.
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