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Abstract

Payoffs of many options involve two or more assets. The paper gives analytical solutions for
two-dimensional barrier options under a jump diffusion model with jump sizes having a mixture
of multivariate asymmetric Laplace distributions. The analytical solutions are made possible
because we find the distribution of related two-dimensional first passage times. The model is
rich enough to incorporate both correlated common jumps and individual jumps. Analytical
formulae for exchange options are also given. Numerical examples indicate that the formulae
are easy to implement and are accurate.
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1 Introduction

Many options traded in exchanges and in over-the-counter markets, such as two-dimensional barrier
options and exchange options, have payoffs depending on more than one assets. This paper gives
analytical solutions for these options with jump risk, by first solving a related first-passage-time
problem.

A two-dimensional barrier option has a regular call or put payoff from one asset while the barrier
crossing is determined by another asset. For example, in late 1993 Bankers Trust issued a call option
on a basket of Belgian stocks which would be knocked out if the Belgian franc appreciated by more
than 30% (Zhang, 1998); in this case we have a up-and-out call option. There are eight types of
two-dimensional barrier options: up (down)-and-in (out) call (put) options. Mathematically, the
payoff of a two-dimensional up-an-in put barrier option is (K — S1(T ))+1{maX0 i1 Sa(t)>H}, Where

Si(t),i = 1,2, are prices of two assets, K > 0 is the strike price of the put option and H is the



barrier level. To price this option, it is crucial to compute the joint distribution of the first passage
time

P(Xp) <a, max X >b)=P(Xf) <a, 7, <T),

where the first passage time 73 is defined to be 7, = 7'1()2) = inf{t > 0: Xt(2) > b}, b > 0. Here
Xj(f) = log(S;(T)/S:(0)) is the return process for the ith asset, i = 1,2. An exchange option
gives the holder the right to exchange one asset to another asset. More precisely, the payoff of an
exchange option is (S1(T) — e *So(T))*, where e7* is the ratio of the shares to be exchanged.

Analytical solutions for these options are available under the classical Brownian models; see,
e.g., the books by Hull (2006) and Zhang (1998). One of the well-documented empirical features in
asset pricing is the presence of jumps in return processes; see Kijima (2002) and Cont and Tankov
(2004). However, it becomes difficult to retain analytical tractability after jumps being introduced.
This is partly because of the “overshoot” problem, due to the possibility of jumping over the barrier.
One way to get around the overshoot problem is to make the jump size distribution to be two-sided
exponential, as the exponential distribution has the memoryless property. This is what is achieved
in Kou and Wang (2004), and Kou, Petrella, and Wang (2005) for one-dimensional options.

The current paper extends the previous one-dimensional results by giving analytical solutions
for two-dimensional barrier options and exchange options. The contribution is threefold: (1) In
terms of modelling, we propose a multivariate jump diffusion model with both correlated common
jumps and individual jumps. The jump sizes have a multivariate asymmetric Laplace distribution
(which is related but not equal to the double exponential distribution). The model not only provides
a flexible framework to study correlated jumps but also is amenable for computation, especially for
barrier options. (2) In terms of mathematics, we provide analytical solutions to the first passage
time problem in two dimension. Compared to the one-dimensional case the two-dimensional prob-
lem poses some technical challenges. First, with both common jumps and individual jumps, the
generator of the two-dimensional process becomes more involved. Second, because the joint density
of the asymmetric Laplace distribution has no analytical expression, the calculation related to the
joint density and generator becomes complicated (see Appendix B). Third, one has to use several
uniform integrability arguments to substantiate a martingale argument, as [t6’s formula cannot
be applied directly due to discontinuity (see the proof in Theorem 3.2). (3) In terms of financial
engineering, we give analytical solutions for barrier and exchange options and other related options.

In terms of the related literature, Cont and Voltchkova (2005) provided a numerical method
(based on the finite difference method) to price one-dimensional path-dependent options with jumps.
Davydov and Linetsky (2001) provided analytical formulae for barrier options under the CEV model
(without jumps). Feng and Linetsky (2005) and Feng, Linetsky and Marcozzi (2004) showed how to



price path-dependent options numerically via variational methods and extrapolation. The emphasis
of the current paper is on analytical solutions and Laplace transforms for two-dimensional options,
which is different from the existing literature.

More general models will have both stochastic volatility and jumps, especially for long term
options. Therefore, the formulae given in this paper is only a first step to get analytical solutions
for options with multivariate payoffs under more general models. However, the analytical formu-
lae presented here can be useful for short-term options, and can provide a useful benchmark for
more complicated models (for which one perhaps has to resort to simulation and other numerical
procedures).

The remainder of the paper is organized as follows. After the model is introduced in Section 2,
we study the first passage time problems in Section 3. Barrier and exchange options are discussed

in Sections 4 and 5, respectively. Technical remarks and proofs are given in four Appendices.

2 The Model
2.1 Asymmetric Laplace Distribution

The common jumps in the multivariate jump diffusion model to be introduced next will have
a multivariate asymmetric Laplace distribution. An n-dimensional asymmetric Laplace random

vector Y, denoted by Y ~ AL, (m,J), is defined via its characteristic function

1 1
2

where m € R™ and J is a n x n positive definite symmetric matrix. The requirement of the matrix
J being positive definite is postulated to guarantee that the n-dimensional distribution is non-
degenerate; otherwise, the dimension of the distribution may be less than n. The vector m is the
mean E[Y] = m and the matrix J plays a role similar to that of the variance and covariance matrix.
In the case of the univariate Laplace distribution, the characteristic function in (1) becomes

1
1+ 10202 —ime’

Uy (0) (2)

where v? is the equivalence of J in (1). For further information about the asymmetric Laplace
distribution, see Kotz et al. (2001).
The asymmetric Laplace distribution has many properties similar to those of the multivariate

normal distribution. This can be easily seen from the fact that

Y £ mB + BY?Z, (3)



where Z ~ N, (0,J) is a multivariate normal distribution with mean 0 and covariance matrix J,
and B is a one-dimensional exponential random variable with mean 1, independent of Z. For
example, for the kth component of Y we have Y (*) 4 miB + BY2Z, with B ~ exp(1) and
Zy, ~ N(0, Jx), which implies that the marginal distribution of Y*) has a univariate asymmetric

Laplace distribution. Furthermore, the difference between any two components,
Y® vy L (my —m;)B+B2(Z,— Z;), 1<k, j<n, (4)

is again a univariate Laplace distribution. However, it is worth mentioning Y + a does not have
the asymmetric Laplace distribution, for a # 0.
The following lemma indicates that the univariate asymmetric Laplace distribution is a special

case of the double exponential distribution, but they are not the same.

Lemma 2.1 The univariate asymmetric Laplace distribution defined by it’s characteristic function
in (2) is a special case of the double exponential distribution, because the univariate asymmetric

Laplace distribution has the density function

fr() =p-me M ys0 +q-me™ 1y, p>0,¢>0, pHg=1,
but with
pn1 = aqno,

and the parameters given by

2 2 Vm2+ 202 +m

_ Cmy = , . 5
n vVm2 42024+ m & vVm2+ 202 —m P 2v/m? + 202 (5)

Proof. The characteristic function of a double exponential distribution is given by

1+<£_i>@'9
Uy (0) = 1+r17]292n2_ (H_ZI_W—DZ'G'

Comparing it with (2) yields that if we set

2 1 1
ﬁzia v = _—, Mm=—-—-— p+q:17
Ub) M UsUD) N 72

then the univariate asymmetric Laplace distribution with parameter m and v is actually a double
exponential distribution. Solving the above four equations leads to 1y, 75, p, ¢ as in (5). O

Asymmetric Laplace distribution can also be viewed as a special case of the generalized hyper-
bolic distribution introduced by Barndorff-Nielsen (1977). In fact, a generalized hyperbolic random
variable X is defined as

XL u+me+¢2z,



where Z is a multivariate normal distribution, ( is a generalized inverse Gaussian distribution.
Since the exponential random variable belongs to generalized inverse Gaussian distribution, the
asymmetric Laplace distribution is a special case of the generalized hyperbolic distribution by the
representation (3). For more details on applications of the generalized hyperbolic distribution in

finance, see Prause and Eberlein (2002).

2.2 A Multivariate Jump-Diffusion Model

We propose a multivariate jump diffusion model in which the asset prices S(¢) have two parts, a
continuous part driven by a multivariate geometric Brownian motion, and a jump part with jump
events modeled by a Poisson process. In the model, there are both common jumps and individual
jumps. More precisely, if a Poisson event corresponds to a common jump, then all the asset prices
will jump according to the multivariate asymmetric Laplace distribution; otherwise, if a Poisson
event corresponds to an individual jump of the j-th asset, then only the j-th asset will jump. In
other words, the model attempts to capture various ways of correlated jumps in asset prices.
Mathematically, under the physical measure P the following stochastic differential equation is

proposed to model the asset prices S(t):

N(®)
féfft_)) — pdt+odW () +d | S (Vi-1) |, (6)
=1

where W (t) is an n-dimensional standard Brownian motion, o € R™*™ with the covariance matrix
Y = 00T, The rate of the Poisson process N(t) process is A = A\, + > 1 A\k; in other words, there
are two types of jumps, common jumps for all assets with jump rate A. and individual jumps with
rate \g, 1 < k <n, only for the k-th asset.

The logarithms of the common jumps have a m-dimensional asymmetric Laplace distribution
ALy (me, Jo), where me = (mie,...,mMpe) € R™ and J, € R™™ is positive definite. For the
individual jumps of the k-th asset, the logarithms of the jump sizes follow a one-dimensional
asymmetric Laplace distribution, AL (mg, v3). In summary

AL, (me, Je), with prob. A./A
Y =log(V) ~ ¢ (0,...,0, ALy (my, v3),0,...,0), with prob. A\g/X\, 1<k <n.
—— ——
k—1 n—k
The sources of randomness, N(t), W(t) are assumed to be independent of the jump sizes V;’s.
Jumps at different times are assumed to be independent. Note that in the univariate case, by
Lemma 2.1, the above model degenerates to the double exponential jump diffusion model (Kou,

2002) but with pn; = gn,.



Solving the stochastic differential equation in (6) gives the dynamic of the asset prices:

S(t) =S(0)exp [(u— Edmg 2t 4+ oW (t } H Vi, (7)

where ¥ 4,4 denotes the diagonal vector of ¥. Note that V1 < k& < n,

Ae/A Ak/A
+ 2 .
1—my.— c,k:k/2 1—mk—vk/2

E(V®) =E("") = (8)

The requirements my . + Je /2 < 1 and my, + v2/2 < 1 are needed to ensure E(V®) < 0o and
E(Sk(t)) < oo, i.e. the stock price has finite expectation.

Since S(t) is a Markov process, an alternative characterization of S(t) is to use the generator
of X; = logS(t)/S(0). The generator for the two-dimensional case is given in (17), and the

multivariate case can be treated similarly.

2.3 A Two-Dimensional Jump Diffusion and Change of Measures

Since the focus of the paper is option pricing for two assets, we shall specialize in the case of two
assets from now on. The general finance theory indicates that the price of a European-type option
(including path-dependent options, such as barrier options) is given by the discounted payoff at
maturity under a risk neutral measure induced by a “pricing kernel”. Since the model has jumps,
the market is incomplete and there is no unique pricing kernel to choose from. Following Duffie
et al. (2000), if we assume the pricing kernel to be an affine asymmetric Laplace jump diffusion
process, it can be shown in Appendix A that the asset prices will still behave as an asymmetric
Laplace jump diffusion under the induced risk neutral measure P*. In particular, combining the
asset dynamic in (7) with the result of risk-neutral pricing in Theorem A.1 in Appendix A yields

that under the risk-neutral measure P* the asset prices can be written as

N()
Si(t) = S1(0)exp <r — %al )\C1> t+ o1 Wi(t) + Z Y ; 9)

N(t)
1
Sa(t) = S2(0)exp <7" — 50% — )\§2> t+ oa[pWa(t) + /1 — p2Wa(t)] + Z Y?|,
i=1

with

A/ A Ae/A
S l—mp—02/2 01— my, —v,%’c/2

— M+ A)/A, k=12 (10)

Here all the parameters are risk-neutral parameters, Wi (¢) and Wa(t) are two independent standard

Brownian motions, r is the risk-free interest rate, and N(¢) is a Poisson process with rate A =



Ae + A1 + A2, The distribution of the logarithm of the jump sizes Y; is given by

ALs(me, Je), with prob. A./A
v = (v, vy @y o (AL1(m1,v%),0)',  with prob. A1/), (11)
(0, ALy (m2,v3))',  with prob. Ag/),

where the parameters for the common jumps are
mi ’U% CU1.cV2
C ,C ,C ,C
mc — ’ 5 JC — 2 .
ma.c CU1,cV2,c 7)2,0

Si(t) = e TITIE ST |F), 0<t<T, i=1,2,

Note that

consistent with the risk-neutrality.

It is useful to discuss change of measures to be used later for option pricing. Introduce an
exponential transform of the random vector Y = (Y, Y @) in (11), ¢(z) = E(exp(2'Y)), 2/ =
(21, 22), whenever the expectation is well defined. By the characteristic function of asymmetric

Laplace distribution in (1), we have

2
p(2) = E(exp(2'Y)) = (Ae/Npe(2) + D (Ae/N)er(28), (12)
k=1

where
1 1

1—mlz—2'Je2/2’ Prlzk) =

Pelz) = 1 — myz, — v2z2/2
are the exponential transforms of ALy ( me, Je) and ALy (mg,v3), k = 1, 2, respectively.

Lemma 2.2 Introduce a new probability measure P, Z—E =0 Xt/ E[e‘S/Xt], where the 2-dimensional

process Xy is given by

Xy =Xo+pt+oW(t)+ ) Y, (14)
and § = (61,82)" € R? such that ©(§) < co. Then under P,
X, = Xo + pdt + oW (t +ZK, W(t)=W(t)— (cT6)t, i=p+olos,

where W (t) becomes a new standard two-dimensional Brownian motion, and the jump size (Y1), Y (3)

has a new probability density

Forwyey®) =Y fyw yeny)/e(6),



which still has a mizture of asymmetric bivariate Laplace distributions as in (11) with parameters

Me = (Me + Je0)p.(0), Jo = Jewe(6),
me = (Mg + 6k00) ek (8k), Ok = v/ (8k), k=1,2. (15)

The new Poisson process N(t) has a jump rate
5\ = AQO((S) = Xc + 5\1 + 5\2, j\c = ACQDC((S), /_\k = )\kgok(ék), k= 1, 2.

Proof. By the Girsanov Theorem for the jump process (Protter, 1990, Schroder, 1999), we know
that after change of measure W (t) = W(t) — (07 6)t becomes a standard Brownian motion under

P. The diffusion part can be re-written as
pdt + odW (t) = pdt + o (AW () + o7 8dt) = (u+ oo™ §)dt + odW (t) = fidt + adW (2).
The new jump rate becomes A = Ap(6) and the jump size has a new probability density
Forw y@y (@) = €Yy ya)©)/o(8).
For the new jump density f, we have that the exponential transform is given by
P = [ explely + 8 o,y )/ 9(E)dy = ¢l + 0)/(0).

The definition of ¢(-) in (12) yields

o Ae/(Ap(6)) 2 A/ (0 (8))
P2) = 1—ml(z+06) — (24 06)Je(2+6)/2 +2_;1 mu (2 + k) — i (2 + 65)%/2
_ Ae/(Ap(6)) -3 : i/ (Ap(8))
{1/0c@)} = (i + 8 70)e = #ezf2 = {1/ pn(On)} = (i + v200) 2k — v227/2
_ Aepe(8)/(Ap(0)) - i Nepi (81)/ (A (0))
1— @, (8)(ml, + 8" Jo)z — 2/ Jezp, (6 =1 — 4 (0k) (M + v26)) 2K — VizEe(Ok) /2

T s 2
B Ao/ X Ae/A
= 4 ; —

1—m.z—2'J.2/2 — M2y, — V222 )2

which is exactly the exponential transform of Y under P with the parameters stated in the lemma.
The equality Ap(8) = Ae + A1 + A2 follows from (12). O



3 First Passage Times

Given a probability measure P, consider a two-dimensional process (Xt(l), Xt(2)) defined as

N(t)

pt + o Wit + Y v, (16)
=1

N(t)
X2 =t + oaloWa(t) + V1 p2Wa(t)] + Y VP,
=1

x

where N (t) is a Poisson process with rate A\ + A1 + A2, Wi (t) and Ws(t) are independent standard

Brownian motion, (Y1), Y )’ follows the joint distribution described in (11). In particular, the
infinitesimal generator of the two-dimensional process (Xt(l), Xt(Q)) jump processes is
ou ou 1 ,0%u 1 ,0% o*u

£ pu— — — _— — —_— —_—
“ i o1 e AR * 271 Ox? * 272 Ox3 +po102 0x10x9

+)\c/ / [u(r +y1, 22 + ya2) — w21, 22)] [Gr0) vy (Y1, y2)dyrdys,

[ futer ) = ulon, )l () (17)

—00

+A2 /Oo [u(1, 22 + y2) — u(21, 22)] fy 2 (y2)dy2,

—0o0
for all continuously twice differentiable function u(xi,z2), where f(cy(l)’y(z))(yl,yg) is the joint
common (correlated) jump density of ALgy(me, J) and fy¢)(y;) is the individual jump density of
ALy (mg, J;), i =1, 2.
To price two dimensional barrier options, it is essential to compute the joint distribution

PO < 0, o X2 20) = PX() <0 7y <),

where the first passage time of process Xt(2) is given by
=7 =i {t>0: X > b}, b>0,.

Generally it is difficult to have analytical solution for first passage times under jump models. Here
analytical solutions of Laplace transforms of the first passage times are obtained mainly due to the
memoryless property of exponential random variables.

We shall report in this section the results for the case of A\; > 0, Ao > 0. The degenerated case
of A1 = A9 = 0 will be treated in Appendix C.



3.1 Some Preliminary Results

We can easily see
(1) (2)
E [B_Gth +6x] exp{M.(0,6)t}, 6>0,6>0,

whenever the expectation exists, where the function Me(-,-) is defined as

Me(z,y) = —px+ poy + %U?ﬂf? + %Ung — po102TY
A
1+ amy e —ymae — 503 2% — 03 Y% + cvrcva ey
A1 A2

+
L+ azmy — 20322 1 —ymo — 20dy?

— A — A1 — Ao

(18)

Proposition 3.1 For any a > 0, there exists 6y > 0, such that for any fized 0 € (0,0), the

equation
Me(97 y) =,

has exactly siz distinctive roots: 3; = B3, 49, © = 1,...,6, three positive and three negative, where

0 < By < min(83, 49) < By < max(f3, 53) < f5 < oo,

—oo < 3, < min(3Y}, BY) < B5 < max(3},8) < B < 0.

Here 31, 35 and ﬁ}f, ﬁg are defined as

g Mo curch VL g Mac  cuicl VL
51 = —— + T2 62 =——5 T + 5
v?,c V2,c U2,c v2,c V2,c v2,c
ho_ ma 1 2 2 h_ M2 1 2 2
B1 = ——5 —5\mat2vy, [y=——5+ 5y/m;+ 2.
) ) ) )

where for all small enough 0 € (0, 6)

L= m%’c — 2¢v1 cV2,cm2 o0 + 21)%’6 + 2v%7cm1’00 - 92”%,4)%,::(1 — %) > 0.

Proof. Let

1 1
g(y) = 14+0mic—ymac— 51;%7692 _ _U%,CQQ + vy cv2.0Y,

2
hy) = 1—ymo—v3y?/2.

(19)
(20)

(23)

For small enough 6 > 0, g(y) has two distinctive real roots 4] and 3%, and h(y) has two distinctive
real roots % and 3% given in (21) and (22). Thus, we can write g(y) = —%vg’c(y — By — B3)

10



and h(y) = —30v3(y — BN (y — B%). When 6 is small, 1 4 my 0 — 0%7602/2 > 0. Hence, we have
B9 <0< B Also mg < \/m3 + 2v3, which implies ﬁi‘ <0< 6}2‘. Therefore,

1 A A2 A1
Me(0,y) = —mb+py + 5 002+ SO3Y° = por2ly + — T -
(0,y) 1 2 272 9(y)  hy) 1+60mi—3 v}6?
1 1
= —m0+ poy + 5010* + 503y — poroaty
e Ao A1
+ + —A
TRl D09 | —Bu- BB | 1+ 0mi — 30

Note that equation 3§ = /6’? can have at most two real roots in terms of 6. Thus, by continuity, for
all small enough positive 6, 3] # ﬁ? Similarly, 39 # 5’5 holds for all small positive 6.
If we divide the real line into six parts
(0, min(g3, 53)), (min(g3, 63), max(85, 53)), (max(65, 45), 00),
(—oo, min(8Y, 4))), (min(8Y, 59), max(57, 87)), (max(5Y, 59),0),

then we see easily (because A, A1, \a > 0)

Me(6,+00) = +00, M,(0, max (83, 33)+) = —o0, Me(0, max(85, 39)—) = +o0,
M.(0, min(85, 33)+) = —00, M,(0, min(B35, 35)—) = +o0,
M, (0, —00) = +00, M,(0, min(BY, 5)—) = o0, M.(0, min(6}, 3])+) = +o0
M, (0, max(8, 3)—) = =00,  M.(6, max(5}, 3)+) = +oc.
Since
M(0,0) = —p,0 + = 0102 Ae | o A1 —A—0,

g(0) " h(0) " T+ Omy — 10367
as 6 — 0, we can choose 0 small enough such that M.(0,0) < a. Then the equation M,.(0,y) = «,

which is essentially a six-degree polynomial, has exactly six roots as in (19) and (20). O

3.2 Laplace Transforms

Theorem 3.2 For a > 0 and all 0 > 0 small enough, let 3;, By and (33 be the three positive roots
for the equation M.(0,y) = . Then for the jump diffusion processes defined as in (16) we have
B B2l (B1 =B85 (BL=08 s
b lr<oc}] = h 39 €
(81 = B2)(B1 — B3) 20

5183 (B, — B5)(By — ﬂg)ef@b
B2 — 1) (B2 — B3) 5553

N 8152 (B3 — B5) (B3 — B9) o~ Bsb
(B3 — B1)(B3 — Ba) 3435

where 3% and 3 are given in (21) and (22).

(1)
E[e—a'rbe 00X,

T

11



We need the following proposition to prove Theorem 3.2.

Proposition 3.3 Suppose u(z1,x2) = e %1 p(x2)

o 1, i) Z b
¢(-T2) - Ale—ﬁl(b—xg) +Ble—[32(b—x2) +Cle—63(b—x2)’ X9 < b

Let L(-) be the generator in (17). Then for all x2 < b,

—ou+ Lu = Aye 0RO () 4 Byemtn B f(5y) 4 Cren BT (gy)

Aee—tm1—B3(b—z2) 4 By C1 1
a5 ( g+ g+ 7 5

(B3 =Bi)va/2 "Br=P2 Ba=Fy Bs—0F P2

/\2670:617/3’2’(5*12) Ay By C1 1

+ + +—),
\/m3 + 2v3 (ﬁl_ﬂg By =05 B304 53)

where f(8) = M.(0,8) — a and 35, 35 are defined in (21) and (22).
Proof. See Appendix B. O

Proof of Theorem 3.2. First, we explain heuristically how the parameters in the theorem are
obtained. By Proposition 3.1, we know that there exist [, 85,83 > 0 such that M.(0,3,) =
M (0, 8y) = Me(0,83) = o, i.e.f(B1) = f(B2) = f(B3) = 0. Solving

Ay By C1 1 Aq By o) 1
+ + +— =0, + + + =
Br—B3 Ba—0B5 B3—P5 B Br—05  Bo—0% Bs—05 B

and setting (by appealing to the smooth-fit principle) u(z1,b—) = u(z1,b+), i.e. A1+ B1+C1 =1,

0,

we have

. Oy (B =BG =)

G500, —Bs)
8185 (Ba—AY)(Ba— B
By = 0
O A 1 (R R e g

810, (B — B%)(83 — B9)

Ch = 1-A1—-B1 = > 0.
(B3 = B1)(B3 — B2) 358
Thus, from Proposition 3.3, with the above chosen parameters we have
—ou + Lu =0, V(z1,22) : x2 <b. (24)

Next we will rigorously prove that u(xi,x2) is indeed what we want. Because the function

u(x1,z2) is continuous, but not C! at (z1,b), we cannot apply It6’s formula directly to the process

12



e*atu(Xt(l) ,Xt(z)). However, it is not difficult to see that there exists a sequence of functions

{¢n(x2); n=12:.- }7
un(xlva) = 6_9x1¢n(x2)’

such that: (1) é,,(z2) is smooth everywhere, and in particular it belongs to C?; (2) ¢,,(z2) = ¢(2)
for all (z1, x2) with xo < b; (3) ¢, (x2) = 1 = ¢(w2) for all (1, x2) With zo > b+1; (4) 0 < ¢, (22) <
2 for all (z1,22) and n. Clearly, ¢,,(x2) — ¢(z2).

For (x1,z2) with x9 < b,

Cun - @+@1282+128+ 0%u
UL e T, T 2% 8.2 T 27282 T PP 2 g O

b—1x2o

o0
+A1 / uw(xr + y1, x2) fyo (y1)dyr + Ag/ w(x1, x2 + y2) fy @ (y2)dy2

—0o0
o0

b—za++
+)\2/ un(x1, 22 + y2) fy @ (y2)dy2 + )\2/ . u(x, w2 + y2) fy@ (y2)dyo
b b*m2+;

b—xo oo
+)\c/ / u(zy + y1,r2 + y2)ffy(1),y(2))(y1, y2)dy1dy2

o0
b— a:z—l-% 0o
c/ / (@1 4+ Y1, 22 + 12) fiy ) y@) (Y1, y2)dyrdy:
b—x

+A
2 00
o0 o0
—|—>\c/ u(zy + y1,x2 + yQ)f(cy(l) Y(z>)(y1, y2)dy1dys.
b :cz—i—% —00 ’
By (24),
b—za++
Lup(x1,22) = au(xy,z2)+ )\2/ [un (21, 2 + y2) — w(x1, 22 + ¥2)] fy@ (y2)dy2,
b—xo

b— CC2+
+Ac / / [un (21 + Y1, 22 + Y2) — u(z1 + Y1, 22 + yQ)]f( Wy 2))(1/1 Yy2)dy1dysa.
b

Applying the It6 formula for jump processes (see, e.g., Protter, 1990) to e*o‘tun(Xt(l), X;7), we
obtain that the process

tATy

M = ey, (x ) X))~ / e (—aun(X{, XP) + Lun (XD, XP)) ds, ¢ 20,
0

(n)

is a local martingale starting from My’ = u,(0,0) = u(0,0). In particular, there exists a sequence

of stopping times 0 < &,, — oo such that

u(0,0) (25)

tATLAE
- E e—oz(t/\Tb/\fm)un(Xt/\Tb/\gm)_/ e_as(—aun(X§1)7X§2))+£Un(X§1)7X§2)))dS
0

13



Since |¢,, — ¢| < 3 and ¢,, = ¢ if x5 < b by construction, it follows that, Vas < b,

|—aun (21, x2) + Luy (21, 22)]
b—z2++ b—za+L 0
< 3 /b / P 1)y (W1 y2)dydys + 3Xo / e " fy@ (y2)dys,

b—1x2o

— —_oy () _ 1
= 3Xe ME[e 1{b—x2§Y(2)§b—x2+%}] + e PP — 2y <YVP <b— g + E}].
Therefore, by the dominated convergence theorem

tATHAE,,
lim E [ / e (—au, (X, XP)) 4 Lu, (X, X)) ds} =0, (26)
0

n—oo
because

t )
E [/ e’ {)\Cefgxgl E[efey(l)] + )\geexgl)}ds} < 00,
0

for 0 is small enough so that a > M,(6,0) and E[e*GY(l)] < 00. In addition, it follows again from

the dominated convergence theorem that

. —a(thr (1) (2)
nh_{Iolo E [e (t/\ b/\fm)un (Xt/\Tb/\fm’Xt/\Tb/\fm)] (27)
(1)
_ nILHOlO E |:€a(t/\7'b/\§m) eXt/\‘rb/\gm ¢n (Xt(/2\2rb/\§m>] —E |:6fa(t/\Tb/\§m)u(Xt(/l\3_b/\£m,Xt(ig_b/\gm) s

because 0 < ¢,, < 2.
Combining (26), (27), and (25), we get for any ¢ > 0,

u(0,0) = E [emo®mremdu(X0) o X2 e )]
Since we can find a € > 1 such that
M, (0,0) < a < ae,

we have

_aftr 1 2
0 < E[{e (A ”Agm)U(Xt(A)TbAgmvXt(A)TbAﬁm)}E}

S E |:6a€(t/\7'b/\£m) QEXt(i)q—b/\gm]
— exp{{M.(c0,0) — ac}(t ATy AE, )E [exp{—Me(€9, )t ATy AEy) —BXD) o
< exp{{M.(g0,0) — ae}t}.
Thus,
0<E [{efa(mn’% m) (Xg/lx)rb/\é ’Xt(/2\)rb/\€m)}€] <L (28)

14



irrespective of m and b. The uniform integrability with respect to the index m is obtained by (28);

and letting m — oo we have
u(0,0) = E[emu(x{h X7 )]
= E e mu(X) XD )y conp ]+ E [e (X X))
If we let t — oo, the second term in the above equation becomes

0 < Jim E e (X", X1, —o)]

- t—o

IN

lim E [e—at exp(—eXt(”)} = lim exp{[—a + M.(0,0)]t} =0,

because 0 < u(z1, 29) < e~ %1 and we can choose 6 small enough so that M,(0,0) < a; for the first

term the uniform integrability (with respect to t) implied from (28) yields

. —a(thT 1 2 —aTy— 7(—1)
tllglo E [6 (A b)U,(Xt(/\) Xt(/\) )1{Tb<oo}} =E [e b6X b ¢(X$2))1{Tb<oo}] .

Th? Tb b

Therefore, we have
1

(1)
U(0,0) =E [eiabeoX"b 1{7b<oo}} ,

as qS(Xg)) = 1 on set {7 < 0o}, from which the result follows. O

Next theorem gives the Laplace transform of the joint distribution of the jump diffusion process

Xt(l) and first passage time 7.
Theorem 3.4 For any two jump diffusion processes defined as in (16), denote
1
Qg(:“’l? /1’27 017 027 P7 )‘Ca m1,67 m2,67 Ul,m v2,67 C7 )‘17 m17 ’Ul, )‘27 m27 UQ; h? b7 t) = P(Xt( ) S h‘7 Tb S t)

Then for all @ > 0 small enough such that o > M¢(60,0), we have

1
O(a — M.(0,0))

(1)
b 1{Tb<00}]7

/ 6_0“/ e_atP(Xt(l) < h, 7y < t)dtdh = Ele 2Tbe 0%
—o0 0
where Mc(-,-) is given in (18).

Proof. By Fubini theorem

/ e0h / e P(XM < h, 7y < t)dtdh
—00 0

— > —0a > —at - ©© oo _oh ot
= [ etz —e{ [T [l
o) _gx(l) o
1 _px@®
= E / Lefatdt — —E{ea”’/ e exu+7b6audu},
. 0 7 i

15



Now the strong Markov property yields the conditional expectation

< _ox(Y
E em"/ e uwttee” Ydu|Fr,
0

—ary —0X > —ox —au —ary —0X * Mc(0,0)u ,—au
= e Ybg ™ E e v oem Wy » = e YTbe b e e\ e dy =
0 0

e—Oth 6*9X7(-2)

a— M.(6,0)’

as a > M.(0,0), from which the conclusion follows. O

4 Pricing Barrier Options

Since all the eight types of barrier option can be solved in similar ways, we shall only illustrate the

up-and-in put option.
Theorem 4.1 The price of a two-dimensional up-and-in put barrier option is given by

E* (e (K — S1(T) " L {maxocicr S2(t)>H})
= Ke Q. (r— %a% — Ay, 7 — %U% — A2, 01,02, Ae, M1c, M2c, Ve, V2,c, C,
A1, m1,v1, A2, ma, va; log(K/S1(0)),log(H/S2(0)),T)
~S1 Ol + 503~ Ay, — 503+ 9103 — Ay 01,0 Ky o iz D Do €, (29)
A1, 7, 01, Ag, ma, va; log(K/S1(0)), log(H/S5(0)), T),

where
R mi + U% - U1 ~ M
my=————5-, U1 = , A= 55
1—m1—v1/2 1—m1—y%/2 1—m1—v1/2
2

~ Mic+ Vi, - Maet Vieclze 5 _

le = D) ) 2,c = D) ) =6

1—m17c—v17c/2 1—m17c—v1’c/2

= — Ul7c U2,C N AC
Vl,ce = c

’ 62,c = 5 = P} )
\/1—m1,c—vic/2 \/1—m17c—v%7c/2 1_7”1,6_”1,0/2
C s given in (10), for k = 1,2, and the function Q. is defined in Theorem 3.4.

Proof. The price of a two-dimensional up-and-in put barrier option is given by

E* (e (K — S1(T) s, (7)< K maxo<i<r Sa(t)>H})
= Ke"TP(Sy(T) < K, Jnax Sa(t) 2 H) — e "TEX(S1(T) (s, (1) <K maxo<scr Sa(t)>H})-
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The probability in the first term can be calculated directly from the function €2.. Hence, we only

need to calculate the second term. Using the probability measure |3,

P - N(T)
dP e ’"T51 T 1
W|t=T izws)zeXP (—50%—/\C1>T+O’1W1(T)—|— ZYi(l) 7
=1

we have

e TE(SU(T) s, (1)< K maxoerer sa(tyz1}) = SLOP(SU(T) < K, (max S(t) > H).

Using Lemma 2.2 with § = (1,0)’, we have under new measure P, Sy () and S5(t) have the following

dynamic:

N()
Sl(t) = Sl(O)GXp <7’+§O'1 )\C1>t+0'1W1 —i—ZY ,

t

1

Sa(t) = S2(0)exp <7”—§U2 P0102—)\C2>t+U2PW1 +/1— pP2W(t +Z3fi(2) )
i=1

where W, (t) and Wa (t) are two new standard Brownian motions. The Poisson process N (t) has a

new rate

Ae A1
2 +
1—m17c—v176/2 1—mq —v?/2
e ~ A
P} ) Al = T 92790
1—m17c—v17c/2 1—myg —vi/2

X= 2By = A1 +¢) = + Ao,

N\ = o = Mo

The jump sizes (Yi(l), Y;@)) has a distribution

o~ /\2 A~ ~ R R
A£2(< T“)( Ve c”&§”2’°>) W.p. AeJ\

Y(l) Y(Q) ! m2.e AcvlfUQ,C v2,c PR
(%) (AL (Mq,7%),0) w.p. A /A
(0, ALy (ma, v3))' w.p. Ao/

Thus, ﬁ(Sl (T) < K, maxo<t<7 S2(t) > H) is still the Q. function with parameters stated in (29),
from which the theorem follows. O

To compute prices for two-dimensional barrier options, it is enough to compute Q¢(-) by using
a two-sided, two dimensional Euler algorithm for Laplace transform inversion (Abate and Whitt,
1992, Petrella, 2004). The results are given in Table 1. All the computations are done by a Pentium
750 PC. In the Monte Carlo simulation we use 100,000 replications. To reduce the discretization

error resulting from simulating continuous-time processes, we use 2000 and 4000 discretization grids

17



M=)=0 M =05 =15

Analytical Monte Carlo Analytical Monte Carlo
p=0.2 3.0281 2.9707 2.2155 2.2104
c=0.8 95% CI:(2.86,3.08) 95% CI:(2.17,2.25)
Ae=0.01 p=0.7 1.9853 1.9357 1.8625 1.8367
c=-04 95% CI:(1.91,1.96) 95% CI:(1.81,1.87)
p=—0.6 4.7144 4.6757 2.8386 2.8084
c=0.3 95% CI:(4.63,4.72) 95% CI:(2.77,2.85)
p=-0.9 5.3818 5.3390 3.0756 3.0496
c=-0.8 95% CI:(5.29,5.39) 95% CI:(3.00,3.09)
p=0.2 9.4453 9.3896 7.3533 7.3257
c=0.8 95% CI:(9.17,9.60) 95% CI:(7.23,7.42)
Ae=3.00 p=0.7 10.6796 10.6455 8.5787 8.5041
c=-04 95% CI:(10.54,10.75) 95% CI:(8.40,8.60)
p=-0.6 10.6105 10.5828 8.1489 8.0972
c=0.3 95% CI:(10.47,10.69) 95% CI:(8.00,8.19)
p=-—0.9 12.2657 12.2163 9.5180 9.4734
c=—-0.8 95% CI:(12.10,12.33) 95% CI:(9.37,9.58)
Average CPU Time 2 Min 6 Hr 4 Min 13 Hr

Per Price

Table 1: Numerical results for the up-and-in-put option. The parameters used are S;(0) = 70,
S2(0) =52, T =0.25, r = 0.05, 01 = 0.3, 02 = 0.5, m; = —0.2, mg = 0.4, v1 = 0.5, va = 0.3,
mi. = —0.5, ma. = 0.1, v1 . = 0.4, va. = 0.6, the strike price K = 60 and barrier H = 65. For
the Monte Carlo results, 100,000 simulation runs are used. To reduce the discretization error in
simulation, we use 2000 and 4000 discretization grids and then use Richardson’s extrapolation for
the square root convergence rate. As a comparison, for the Brownian model (i.e. A\ = Ay = A, = 0)
the option prices are 2.9884, 1.9431, 4.6756, and 5.3428 for p = 0.2, 0.7, -0.6, -0.9, respectively.

and then use Richardson’s extrapolation for the square root convergence rate. As we can see in
Table 1 the Monte Carlo results are always smaller than the results from Laplace inversion for
the up-and-in put, because the discrete maxima is always smaller than the continuous maxima.
To verify the accuracy of the two-dimensional Euler inversion, we also report the results for the
Brownian case as a comparison. The table seems to suggest that the analytical formulae lead to

accurate numerical results.

18



5 Pricing of Exchange Options and Related Extensions
5.1 The General Case

We shall study the general case A\; > 0, ¢ = 1, 2 first, which requires Laplace transforms, and discuss
the special case of \; =0, i = 1, 2 in the next subsection which does not require Laplace transforms.
An exchange option gives the holder the right but not the obligation to exchange shares of one asset
(S2) to shares of another one (S7) at the expiration date 7. The payoff is (S1(T) — e *S5(T))*, for

k € (—o0,00), where e * is the ratio of shares. The price of such an exchange option is therefore

given by
u(0,k) = E*e(S1(T) — e *55(T))7]

efrT +
= Sy(0)E Sj;)(T) <§;E;§ —e_k> ]

~ + ~

Sy(0)E (2% - e_k> — S(0)E [(F(T) ) j , (30)

where F(T) S1(T) _ S1(0) explA(T)]

T S(T) ~ 55(0) P ’

and E is the expectation taken with respect to the probability ﬁ,

dP =T Sy (T) Py

|
T =g = (_503 - /\§2> T+ oaloWi(T) +/1— 2Wa(T)] + 3 v?
=1

Note that P is a well-defined probability as E* [%‘(%)(T)] =1.

Theorem 5.1 The two-sided Laplace transform of u(0, k) with respect to k is given by

(51(0)/52(0)"
e+

for all € > 0 small enough such that E[es*D)] < oo, where Q(0) is the function such that E[e?A(T)] =

/_ - e ku(0, k)dk = S3(0) - explQ(¢€ + 1)T), (31)
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exp{Q(0)T'}; more precisely,

1 1 ~ o~
QW) = <_§a2 —M¢ - g2)> 0+ 50292 — M= A— A (32)
A1 Ao Ae
+ - 1 2 1 2 ~n _ 159p27
1—m0 9 1+ mob v26) —mb — 5020
~ A
o \/01 po102 + 035, c 1—m2,c_U%7c/27 ( )
~ mo + U% ~ V2 ~ )\2
m = _— Vo = y )\ = - 34
2 1—m2—v2/2 2 1—m2—v§/2 2 1—m2—1}2/2 ( )
N Mie—Mac+ CULlae— V3, v}, 4 V3. — 2001 02
me= 1—mae—12./2 N 1 —ma.—02./2 (35)
2,c 2.c 2,¢ U2,c/

Proof. Setting 3 = (0,1)" in Lemma 2.2, we get from the representation (9) that under the new

measure P,
_ 1 N N(T)
S1(T) = 51(0)exp (r - 50% + poiog — )\C1> T+ o Wh(T) + Z }/:i(l)
i=1
VR N(T)
So(T) = S2(0)exp (1“ + 0'2 )\{2> T + o9 (pWA(T) + /1 — p2Wo(T Z i(2) ’
i=1

where (W1(t), Wa(t)) forms a two-dimensional standard Brownian motion under P. The Poisson
process N (t) has a new rate

e A2
M
1—mg.—v3,/2 ! 1—mg—v3/2’

Yy (2

X = AE*(e¥

) =A1+¢) =

via the definition of ¢, in (10). Equation (15) implies that (Yi(l), Y-(2)) is still an asymmetric Laplace

K3

distribution with the new parameters ms, Vo, Xg, and \. as in (33), (34), (35) and

mi =mi, U2=v1, A=A,

2
M1,c + CUL V2 ) m2,c + Va.c =
2 C pu— pu—
7 1_m2vc_v%(;/27 ’

ml,c = P} )
1 - m2vc - v270/2

~ _ /UI,C ~ _ UZ,C
ULC - 2 3 UQ’C — > .
\/1 —Mae—Vy./2 \/1 —Mac—Vy./2

Hence, we can re-write A(T) as

AT) = (—%ﬁd(cl—@) T+ oW(T Zn, Y=y -y®,

o = \/(O’l—dgp oo/ 1—p 2—\/0%—2/)0102—{—0%,
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where

1
W(T) := = [(01 — 09p) W1 — o9y 1 — W2 }
is a one-dimensional standard Brownian motion under P. Using Kotz et al. (2001, pp. 240-241)

~ ~2 ~~ ~
we know if (Y, ¥,2) ~ A&(( s ) ’ ( O >> then ¥; = ¥, =¥, is a
2,c 1,cV2,c 2,c

one-dimensional asymmetric Laplace distribution with the parameters

2 2
" = —— = Vi — 2cv1 (V2 + vy,
v = V5 — 2001 0090+ V5 . =
1,6 ) ) 2,6 1 2 2 9
—Mae— V3 ,/

2
M1c — M2+ CV V2 — V2.c

m = Mie—Mac=
7 , 1_m276_U%C/2

In addition, —ALq(m, v?) g AL1(—m,v?). Therefore, under P,
AL (m,v?), with prob. XC/X,
Y, =vy® _y®@ ) ALi(mi,0]),  with prob. Ai/A, (36)
Aﬁl(—ﬁlg,’l}g), with prob. XQ/X

After determining the dynamics of A(T) under P from (30) we know that we only need to
calculate E[(F(T) — e *)*]. From Kou, Petrella, and Wang (2005), the Laplace transform of
E[(F(T) — e~*)*] with respect to k is given by

£+1
<Sl<g>(gj<g;> S
where Q(0) is the function such that E[e?A(D)] = exp{Q(6)T}, from which Q(f) can be computed

explicitly as in (32) by using the dynamics of A(T") under P. O
Remark: Immediately from the exchange option prices we can also calculate the prices of the

options on the minimum or maximum of two assets (called a “chooser” option), which are given by
e "TE*[min(S1(T), So(T))], e "TE*[max(S1(T), S2(T))],
respectively. More precisely, since max [z1, 2] = (1 — 22)T + x2 we have
e TE [max (S1(T), S2(T)] = e TE[(S1(T) — S2(T))*] + e "TE[Sy(T)]
= e TTE(SU(T) — Sa(T))"] + S2(0).

* we have

Similarly, since min [z1, 2] = 1 — (21 — 22)
e "B [min (S1(T), S2(T))] = e "TE[S1(T)] — e " E[(Si(T) — S2(T)) ")
= 51(0) — e TTEF[(S1(T) — S2(T)) ]

21



5.2 Special Case \; = Ay = 0 without Laplace Transforms

In the case of \; = Ay = 0, i.e. when all jumps are common (correlated) jumps and there are no
individual jumps, Laplace transforms are not needed. More precisely, for any given probability P,
let

T(p, 0, A D11, M9 0, t) == P(X¢ > a),

where under P, X; = ut+oW(t)+ ng Y;, and jump size Y; has a double exponential distribution
with density fy (y) = p-n1e” Y150y +q-n2€™Y 1, <03 The T function can be computed explicitly
by using the Hh function (Theorem B.1 in Kou 2002). The following Proposition gives the pricing

formula of the exchange option in terms of the function Y.

Proposition 5.2 For the dynamic as in (9) with A\; = Ao = 0, the price of exchange option on the

two assets is obtained as
U(O, k) = Sl(O)T(_J - A(Cl - C2)agaxaﬁvﬁlvﬁ2; —k + log(SQ(O)/Sl(O))7T)
_ 1 ~
—€ kS2(O)T(_§O-2 - A(Cl - C?)?Ga >‘7p7771’ Uby) —k + log(SQ(O)/Sl(O))vT)v

where

- 2 - 2 VM2 4202 +m
st em P Vi —m U a/mrtraR

~ by = ~
U:\/U%—2p0'10'2+0'%, )\:m, )\:A(l‘f‘C),
2
- D m ~ ~ pm up)
p="z" y m=m =L =+l (= + -1
1+¢ mp—1 0 e m—1 N+l

with ¢y, Cy given in (10) and m,v given in (35).

Proof. If A\ = A2 =0, (36) implies that under the measure 13, Y; ~ ALi(m,9?). Replacing the
m, v in (5) by m, v, and plugging in the definition of m, v, we get the parameters p, 1, 75 in the
double exponential distribution. Since (30) implies that the exchange option can be written as an
European call option with strike e=* and zero risk-free rate, the result follows immediately from
Theorem 2 in Kou (2002). O

5.3 Numerical Results

To implement the pricing formulae, we use the one-dimensional (two-sided) Euler algorithm for
the inversion of Laplace transforms; see Abate and Whitt (1992), Choudhury et al. (1994), and
Petrella (2004) for the inversion details. In particular, since the exchange options can be reduced

to call options, the inversion is identical to that in Petrella (2004).
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M=)=0 M =05 =15

Analytical Monte Carlo Analytical Monte Carlo
p=0.2 19.0966 19.0908 27.5180 27.5294
c=0.8 95% CI:(19.01,19.17) 95% CI:(27.41,27.64)
Ae=0.01 p=0.7 18.3033 18.3268 27.2554 27.2452
c=-04 95% CI:(18.27,18.38) 95% CI:(27.14,27.35)
p=—0.6  20.5341 20.5772 28.0948 28.1324
c=0.3 95% CI:(20.47,20.68) 95% CI:(28.00,28.27)
p=-0.9 21.0591 21.1134 28.3466 28.3486
c=—-0.8 95% CI:(21.00,21.23) 95% CI:(28.21,28.49)
p=0.2 31.9122 31.8996 36.3562 36.3440
c=0.8 95% CI:(31.75,32.05) 95% CI:(36.16,36.52)
Ae=3.00 p=0.7 34.7039 34.6985 38.6616 38.7086
c=-04 95% CI:(34.55,34.85) 95% CI:(38.52,38.89)
p=—-0.6 33.6269 33.6751 37.8362 37.8151
c=0.3 95% CI:(33.51,33.84) 95% CI:(37.62,38.01)
p=-0.9 36.0160 35.9918 39.8927 39.9244
c=-0.8 95% CI:(35.81,36.17) 95% CI:(39.71,40.14)
Average CPU Time 0.3 Sec 26 Sec 0.5 Sec 37 Sec

Per Price

Table 2: Numerical results for the exchange option. The parameters used are S1(0) = 70, S2(0) =
52, T = 0.25, r = 0.05, o1 = 0.3, 092 = 0.5, mi = —0.2, mo = 0.4, v = 0.5, Vo = 0.3, mic =
—0.5,ma, = 0.1, v1. = 0.4, v2. = 0.6, £ = 0. For the Monte Carlo results, 100,000 simulation runs
are used. To reduce the discretization error in simulation, we use 2000 and 4000 discretization grids
and then use Richardson’s extrapolation for the square root convergence rate. As a comparison, for
the Brownian model (i.e. \; = A2 = A, = 0) the option prices are 19.0394, 18.2244, 20.4801, and
20.9978 for p = 0.2, 0.7, -0.6, -0.9, respectively. To verify the accuracy of the analytical solution,
we compute the case of A; = Ag = 0 twice by using both the Laplace inversion and the T function;
both give the same results up to four decimal points.

Numerical results are given in Table 2 with different pairs of the dependence parameters ¢ and
p, and different common jump rates A.. All the computations are done by a Pentium 750 PC.
In the table we illustrate two cases: (i) A1 = A2 = 0. (ii) Ay = A2 = 0. Case (i) is interesting
because we can check the accuracy of the Laplace inversion (as we can also compute the prices via
the Hh functions), and check the prices under the jump diffusion model against those under the
pure Brownian model when the jump rates are very small. As it can been seen from Table 2, the
analytical prices via the Laplace inversion can be obtained within a fractional second with good
accuracy. To verify the accuracy of the Laplace inversion, we compute the case of A\ = Ay = 0

twice by using both the Laplace inversion and the T function; both give the same results up to
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four decimal points.

In Table 2 the option prices increase as the Poisson rate increases. Everything else being equal,
negative correlations either in the jump part or the diffusion tend to lead to higher option prices,
which is consistent with the fact that the payoff of an exchange option is an increasing function of

the difference of the two asset prices.

A Appendix. Risk Neutral Pricing

Due to the presence of jumps, the market is incomplete and there is no unique state-price density
(pricing kernel) to choose from to price options. In our case of the asymmetric Laplace jump
diffusion with constant risk-free rate r, the general state-price density suggested in Duffie et al.
(2001) becomes

Zy = e "exp(al(t) + §(t) - Xy), (37)

where 6(t) = (61(t), 62(t))" and «(t) satisfy a set of ordinary differential equations

51(t) = 0, 62(t) = O, 61(T) = Ui, 62(T) = U2,
&) = v —p-6(0)  Z6OTOT ~ A1) ~ 1), a(T) =0,

with ©(6(t)) = Elexp{61(t)Y D) + 65(t)Y @}]. The solution is given by

61(t) = 61, 62(t) = b2,

aft) = (T~ 0)fr — (s + pgu) — 5 (1, w2) S ua) — A(B[eY VY ),

If the parameters 6; and 0y are set so that E[Z;] exists, then it is easy to see that Z; is a
martingale under P with E[Z;] = 1. Using the martingale property of Z;, we can define a new

probability measure P*,
dP*/dP = Z;/ Zy.

For this particular choice of the state-price density, a European option with a payoff g(7) at time
T has a price
. 1
E*lg(T)|F] = ZE[Q(T)ZT!E],

at time ¢. The next result shows that the measure transform from P to P* preserves the distribution

property of the asymmetric Laplace distribution.

Lemma A.1 Under P*, X; in (14) becomes a new asymmetric Laplace jump diffusion process
N(t)
Xy =pt+oW*(t)+ ) Y, (38)
i=1
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where W*(t) = W (t) — (o76)t is the new standard Brownian motion in R?, u* = pu+ X6, and N(t)
is a new Poisson process with jump rate X\* = X\, + A1+ 5. The new jump size Y still has the same

form of the distribution

ALs( m?, J%), w.p. AN
Y ~ (Aﬁl(m? (UT)Q)v 0)I7 w.p. )\T/)\*7
(0, ALi(m3, (v3)%)),  wp. A5/A",

with new parameters being

m: = (mC + Jé)goc((s)v Jc* = Jc(pc(é(ta T7 b))7 )‘z = )‘C(pc<5)7
mjy, = (my + 6vp)er(6k), v = vV/er(6k), Np = Mrer(6), k=1,2.

Note that p.(-) and ¢ (-), k = 1,2, are given in (18). Furthermore, let Sk(t) = Sk(O)eXt(k) be the

asset price. Then with m}, +v%/2 < 1 and my .+ UZ?C/Q < 1 we have
Su(t) = e TTDESUT)F), k=12
with the drift of Sk(t) under P* being

1.

1 5 y (k) AL/ WoN A= AL — AL
¥ . —\FCE o 1= c c
M r 2Uk Ck? Ck: (6 ) 1— m;; — UZ2/2 + 1— m;;c — UZ?C/2 + A*
(39)

Thus, under the risk neutral measure the asset prices still follow a two-dimensional asymmetric

Laplace jump-diffusion.
Proof. The result follows immediately from Lemma 2.2. O

B Appendix: Proof of Proposition 3.3

Proof. After plugging in the form of u, we have Vza < b,

@ = _A19€—9x1—ﬂ1(b—:c2) _ Blge—em—ﬂz(b—xz) _ Clge—exl—ﬂg)(b_@)’
8.%'1
887” = Al,gle_axl_ﬁl(b_m) + Blﬁze_ewl_ﬂ2(b—x2) + Clﬁge_gml_ﬁa(b_xz),
2
2
% = A102679:p1*51(b7m) + B192676m*52(67m2) + 0192670301—@3(57332)7 (40)
a1
22 bm—py(ba e o
8—1:%:/11[3%6 0z1—3, (b 2)4—315%6 0z1—B,5(b 2)+015§6 01— B3 (b 2)7
82
396131;‘2 = —Ay0B e P lmm) By, e0n 020 m2) — 0y 3 e 0m—Palbe),
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For xo < b, since u(xy + y1,x2) = efelyu(:cl, x2) we get

/oo [u(w1 + y1, 22) — u(w1, 22)] fy@ (y1)dyr

—0o0

= u(xl,xg)E[e*‘W(l) — 1] = u(z1, x2) < ! 1) . (41)

1+ 60m; —v26%/2

The other one-dimensional integral inside the generator L is

/ " ey, z2 +92) — uler, 22)] fyen (42)dp:

b
_ / T2 [Alefemlfﬂl(bfmzfyg) _i_Ble*@fEl*ﬁg(bfxz*yz) +01679961*ﬁ:a(bfmzfyz)]fy(z) (y2)dy2

—0o0

o0
+/ e 70 fue) (y2)dyo — u(z1, z2).
b

.
Lemma 2.1 implies that Y2 actually has a double exponential density

_ (2 (2)
Frao @) =p® P Vg g +q® e v oy p® > 0,47 > 0,p@ + ¢ =1,

where the parameters are given by

7752) _ 2 7752) _ 2 p(2) _ \/m% + 21)% + mg'
Vmé + 202 + my Vm3 + 202 —my 2y/m3 + 203

Therefore,
b—xo 5 0 s @ @) @) b—x2 3 @) @ _ @)
/ e fy@ (y2)dy2 = / gy e y2dyz+/ P eT M R dyy
oo —0 0
2),,(2) 2),.(2)
_ )”22 + P(Q’"l (1 —e*(n?)*ﬁ)(bﬂz))
g+nP P -
1 o~ (2 —B) (b—x2)
= + y
1 —mafl — %03 /2 \/m%+2v%(ﬁ—n§2))
(2)
o o0 @ @) e (b—w2)
fy@ (y2)dys = / pPniP e vy, = p@emm ) = —
b—xo Y b—xo ! 7752) AV m% + 2’1}%

Note that 77&2) = (35, where 3% is defined in (22). Hence,

0 efazlf,ﬁg(bfmg) Al By CI 1
[u(z1, 22 + y2) — w(z1, 22)] fy ) (y2)dy2 = ( + + + —>
/—oo Y Vm3+203 \f; — By By—By  Bs—B% B
Ale*a’fl*ﬁl(b*IZ) 31679117[32(12712) 01679117,83(11712)

+

+ + —u(x1, T2).
1-— /31m2 - %U%/B% 11— ﬁ2m2 - %U%ﬁ% - 537”2 - %U%ﬁg
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The two-dimensional integral inside £ becomes
/ / w(zy +y1, 22 +y2) — @y, 2)|f0) yo) (Y1, y2)dydy:
b—x2o
= / dyl/ w(@1 +y1, 22 + Y2) [y o)y (W1, y2)dya
—00 —0o0
o0 o0
+/ dy1 / w(z +y1, 22 + v2) [y o) y@) Y1, y2)dyz — u(z, 22)
—00 b—xo
0o b—xo
_ A1€—9w1—/31(b—xz) / dyi / e 0y1+061y2 f(cy(l),Y(2))(y1’ yg)dyg
—00 —00

o0
+Be 071 Ba(b—22) / €_ayl+ﬁzy2fcy(1) Y(2))(y1> Yy2)dy2

dyl/
+01€_0x1 B3 (b— :z:g)/ dyl/ —T2

/ dyl/b v y@) U1, y2)dy2 — u(z, 22).
T2

0y1+ﬁ3y2f Y(l Y(Z)) (yl, yg)dyg

To compute this, we first consider integral of type [* dy ff;:z e 0v1+8y2 f(cy(l)y@))(yl,yg)dyg.
The density function of the bivariate asymmetric Laplace distribution is given in Kotz et al. (2001,
p.241):

Ay1+By2 1 0 1 K2 2 —9 2
e Y102,c/ 01, CY1Y2 + Y301,c/ V2,
forw yen W p2) = ———=—=- —/0 — exp (‘t B ivse/ore 20/ C)> dt

mviveV1 —c2 2 t 4t

ml,cv2,c/vl,c — M2 cC _ m2,cvl,c/v2,c — mi.cC

A=
Ul,cUQ,c(l - 02) ’ ’0175’0275(1 — 62)

)

 {201000,0(1 = )+ vac/v1c = 20 Mg e + M3 1c V2
v1,c02,6(1 — ¢2) '

Thus, completing squares yields

o0
/ efaylf(cy(l),y(z))(yl,y2)dy1
—0Q

K2y
00 ,—t eXp (By2 4“,2 92) K90 o cyaK?
eXp | — U +(—5—
0 —00

U 2mup vVl —c? Vl,c 2t

K C t C K
[ (B~ Ses + R+ 4 07) i
Jo it 277111 U2V 1 —c? K2 .
exp (By2 + e (A —0) y2 / < K? V2. — V1,e(A — H)Qt K%Lcyg(l — 02) 1>dt
— exp — - .
\/_Ul cV2.¢ 1-— C2 KQUQ C K2U2,c 47}2,c t
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Using the fact that

/ exp —bt — 2t dt \/7/ exp{—s—Z—z}d(s:em\/%, a,b> 0,

which follows from the definition of the modified Bessel function of the third kind (Bateman, 1953,

p. 5, Bateman, 1954, p. 146), we have

exp (Bys + 222(4 — 0)y — 22l /oy T = FNK 03,0 — 1(A— 07
02,60/ V1,e(1 — 2)[K?v2c — v1,.(A — 0)?]

9

o0
/ e_gylffyu),y(z))(yl,y2)dy1:
—0o0

because

(652] - ﬂ!{)?vic

K2v90 —v1,0(A—0)% = e 0,
where (3, 35 are given in (21). Therefore,
b—a2 0
/Oo e’ dys / N 679y1f(cy(1)7y(2))(y17 yo)dy1
0 exp ((ﬁ + B+ %’;(A —0))y2 + g;Lc\/uLc(l —2)[K?va —v1 (A — 9)2]>
- /oo vg,c\/vLC(l — 2)[K?v2,c — v1 (A — 0)?] dy2
b—z €XP ((ﬂ + B+ T2 (A= 0))y2 — 2 /vre(1 — A)[K v — vio(A - 9)2])
+/0 V2,e0/V1,e(1 — ¢2)[K?vg c — v1,0(A — 6)?] a2-

Plugging in the values of K, A, and B, and denoting

D = () c\/U1 c(l — 62)[K2U2 c— U1 C(A — 9)2]

= \/m2 o — 201,002 ;Mg 0 + 203 ot 21}2 il — 62 v? U3 C(1 —c?) = (85— ﬂﬁ')vg’c/l

cv 1
5 = B+ 1C(A—9) — \/’0170(1 —02)[K2’027C—U1’C(A—9> ]
V2,c V2.c
 omae cvpel D g
V3. Ve U3, s

we get

/0 exp <(B+B+%’§(A 0y + 22 /o1(1 — A)[K 02, — v1.o(A— 0)? ])

d
NS vg,c\/vl,c (1 —c?)[K?v2c — v1 (A —0)?] b2
_ 1 / ’ eBHEF2D/v3 Jv2 gy — 1
D] D(ﬂ+§+2D/v§76)’

dy2

/bxg exp ((ﬂ + B+ %f(A —0))y2 — ;12%\/@1,6(1 — 2)[K?vg,c —v1,0(A— 9)2})
0

V2,0/V1,e(1 — ) [K 23, — v1,c(A — )]
e(ﬂ+§)(bi$2) —1

L (7772 g
= — € y2d =
D /0 2T DB
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Note that

1 1 1 1 1
— — =14+0mi.— mc——v2692——v262+cv 208 =1 ,
D <ﬁ+§+2D/U%’C ﬁ—i-f) 1, Bmea, 51, 5 27ﬁ 1,cV2,c003 /9(B)

where ¢(-) is given in (23). Hence, we can compute the two-dimensional integral as

b—xo S8 0
/ eﬂyzdyg/ e ylf(cy(n?y(z))(ylv y2)dy1
—o0

B - 1 p(B+E(b—22) _ |

T DB+E+2D8,) | DBHTY

B . B e (B—B) (b—22) 1

B W +1/9(8) = (g_ﬁg)(ﬁg —ﬁ?)v%,ﬂ +1/9(8),

which can also be used to calculate

oo o0 9
/ dy1 / e [y, (W1, y2)dys
—00 b—xo

0o 00 0 b—xo 00 0
= / dy2/ e iy (1 y2)dy —/ dyz/ e iy ye)y (W y2)dy
—c0 —o0 —00 —00
1 e~ B3 (b—x2) o~ B3 (b—z2)
= ( +1/9(0))

14 0my— 921)%70/2 -

—33(5% — 67)v3 /2 53085 — B9)3, /2

In summary,

[ e s )~ o) v oo ()

_ e 0z1—05 (b—=2) < Ay N By N 4 N 1 >
(85— 0BDvs /2 \B1— B3 Bo—05 Bs—055 B9
+ Alefgmlfﬂl(bf‘”)g(ﬁl) + 3167911*’32(1’712)9(52) + C’le*g“*ﬁ?’(b*”)g(ﬂg,) —u(wy,x2).

(43)

The result follows by combining (40), (41), (42), and (43). O

C First Passage Times and Barrier Options in the Case of \; =
A2 =10

In this case, the process in (16) can be simplified into the case that (Y1), Y®) ~ ALy(me, J,).
Thus, E e~ 0X VX7 exp {M (0, 5)t}, where the function M (-,-) is defined as

1 1
M(z,y) = —mz+ pgy+ 50%@2 + §U§y2 — po1o2Ty (44)

A

2 1

1+amye— — sv} 22— Lud 2+ -
l,c —Yma.c 2”17653 2“2763/ CU1,cV2,cTY
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Lemma C.1 There exists 0y > 0, such that for all 6 € (0,00), the equation M(0,y) = a, Ya > 0,
has exactly four roots: [3y,[Bs, B3, By, where 0 < By, < B9 < B <00, —00 < B3, < By < Baa <
0. Here 3 and (35 are defined as in (21).

Proof. The proof is similar to that of Proposition 3.1. The only difference is that in Proposition
3.1, M.(6,) has 4 discontinuous points, 37, 34, 39 and 3. While here M (6, -) has only 2 discon-
tinuous points 8] and (9. Hence, instead of dividing the real line into 6 parts, we divide it into 4

parts (—oo, 89), (8Y,0), (0,39), (83,00). The rest of argument is the same as in Lemma 3.1. O

Theorem C.2 Suppose we have two jump diffusion processes defined as in (16) with \y = Ay =
0. For some small enough 6 > 0, let 3; and (35 be the only two positive roots for the equation
M(0,y) = a, Ya > 0, where 0 < 31 < 35 < 35 < 0o. Then

98y — B10, o Brb

_ B18s — ﬁgﬁ1 —Bsb
B398, — B35, ‘

B3B8y — B3 ’

(1)
E[e—on'be—OXTb 1{7_b<oo}] +

with 3§ defined in (21).

Proof. For any fixed level b, we define function u to be:

_ 6—6"%17 %) 2 b
u(zy, ) = Aye-tm1-Bib-2) 4 Bl o—0m—Br(-22) g0 <y

The infinitesimal generator of the two jump processes is simplified into

Cu ou . ou . 1 ,0%u . 1 ,0%u n 0%u
= —_— — + —0]{—5 + =05—= + poio
Ml@xl M23x2 2 18:13% 2 281:% pa1 231“18362

+/\/ / [u(x1 +y1, 22 + y2) — u(zr, 22)] iy y@) (Y1, y2)dyrdyz,

for all continuous twice differentiable function w(xy,x2). Similar to the proof of Proposition 3.3,
we can calculate the partial derivatives of u(z1,x2) and the two-dimensional integral. After some

algebra, we get that for all xo < b, —au + Lu is equal to

e~ 0z1=p(b—x2) A B 1
Ao 0r1—B1(b—22) 3 + By fr1—Pa(b—z2) By) + < 1 + 1 +_>,
! S8+ By 16+ o \B—m " 53 '
where
1 oo, 1 90
f(B) = —M19+M25+§019 +§Uzﬁ — poio20p3
A

—A—a.

1,2 p2 1,2 2
1+ eml,c - ﬁm2,c - §IU1509 - 5"72766 + CUl,c”Zceﬁ
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Then applying Lemma C.1, we know that there exist §; > 0,85 > 0 such that M(0,5,) =
M(0,B3) = o, ie. f(B1) = f(B2) = 0, by solving

Al I Bl +i
Br—0B5 Ba—B3 B3

=0, A1+ By =1,

we have ’
B382 — 815
A === = B =1-A;.
LTB8, - 6Y8 '
Thus, we have
—au+ Lu =0, V(Qil, xg), T9 < b.

The rest of argument is the same as in proof of Theorem 3.2. O
Theorem C.3 For any two jump diffusion processes defined as in (16) with A1 = Aa = 0, denote
1
Q(Ml? H2,01,02,p, )‘7 Mmi,c, M2.c; V1,cy V2,c, C; @, bv t) = P(Xt( ) < a,Tp < t)

Then we have that

1 (5352 — 310, o—Bib
0(a — M(0,0)) \ 855, — 336,

where M (-, ) is given in (44), 53 in (21), and By, By in Theorem C.2.

+

o) [e¢) _ A9
/ 6_0"/ e_atP(Xt(l) <a,ty, < t)dtda = brBy = By 6_52b> ,
—00 0

338y — 8361

Proof. It’s the same argument as for Theorem 3.4, except replacing M, (-,-) by M(-,-), and
(1)
E[e*aﬂ'be—exm L{r,<oo}] is given by Theorem C.2. O

Theorem C.4 Suppose we have two underlying assets as in (9) with A\ = Ao = 0. Then the price
of up-and-in put barrier option on these two assets is

1 1
Urp = KB_TTQ(T - 50-% - )‘Cla r—= 50-% - )‘C2a 01,02, )\7 Mmi,c, M2,c, V1,c, V2,c5 G5

log(K/51(0)), log(H/S2(0)),T)
_Sl(O)Q(T + %U% - )‘Cla r—= %Ug + poi10g — )\C27 01,02, /)\\7 ml,ca ﬁ”bz,c,@,cﬁz,c,a
log(K/51(0)),log(H/S2(0)), T),

where (+) is from Theorem C.3, my,mg, V1,02, ¢ and X are the same as in Theorem 4.1 except that

setting A1 = Ap = 0.

Proof. The proof is essentially the same as the proof of Theorem 4.1. The only difference is

that we set \; = A2 = 0, so the function Q(-) is changed into Q(-). O
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D Numerical Inversion of Laplace Transforms for the Barrier Op-
tions

There are several standard ways to invert Laplace transforms numerically. For example, one can
use Gaver-Stehfest algorithm to invert Laplace transforms on the real domain, if high precision
calculation is feasible (e.g. in the software package MATHEMATICA). One can also use Euler
algorithm to invert Laplace transforms on the complex domain, which will not require high precision
calculation. For a survey of various inversion methods, see Abate and Whitt (1992).

In this paper we shall use the two-sided Euler inversion algorithm in Petrella (2004). To do
it we have to check that the error bounds in Petrella (2004) are satisfied. For any function f(-,-)
in BT x R let its Laplace transform be f(sl, s2) = [o° [7o et 4y ty)dtydty. Suppose we

want to invert at a point (¢,¢9). If

+ . > . >
C for j1>0,j5>0 } (45)

~ 0 (9 0
F@i+ D8 CRA DD <] ot 20 0
with 1 > 0,9 > 0 and t{ € (’3—11, ), 19 € (0, f—;), then Petrella (2004) gives the following bound
for the inversion error

C*(e*Al + efAz) O~ e (1tf—A1)
(1—eA)(I—e®) " (1 - e rB-A))(1 — ~(A2—r2l))y’

eq <

Hence the error can be made small by choose A; and Ay large enough. In our case, we have
99 = a =In(K/8(0)),t3 = T and f(9,t9) = f(a,T) = P(X\)) < a,7, < T). Setting C* = 1, we
have for any j; > 0, jo > 0,

P2+ DB, (2ja + 1)) = P(XG) 1y < (251 + Da, 7 < (2 + 1)T) < 1=CH.
For any j; < 0,72 > 0, we can use the Markov inequality

P(X((;J)'QH)T < (21 + Da,7p < (272 + 1)T)

F((271 + DAY, (272 + 1)t9)

)

(1) ;
< P(X(2j2+1)T < (2j1+ 1)a)
< eu(2j1+1)aE[e*”X((21])-2+1)T] — ¥ (2i1+1)at M, (v,0)(2j2+1)T

where M,(-,-) is defined in (18) and v > 0. With vy = 2v, vy = 2M,(,0), and O~ = ¢t M (0T
the condition in (45) is satisfied.

In our inversion, we generally choose v =~ 1.0. Note that v cannot be too big because we have
to make sure that E[e_VX((Zlﬂ)é“)T] is well defined. And then we can calculate vy, v3. Generally we

set A1 ~ 20, As ~ 20 + I/gtg so that we can get an accuracy about 10~2 for option prices.
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In the calculation of the Laplace transform we need to find three positive roots of M,(0,y) = «
for some 6 € (0,0p) and o > 0. In the Euler inversion we have to track the three roots in the
complex domain after we add imaginary parts to 6 and a. It can be shown that the analytical
extensions of the three positive roots in the real domain become three roots with positive real
parts in the complex domain. There are no closed-form solutions of the roots, since M,(0,y) = «
is equivalent to a 6-degree polynomial of y. To find the three roots numerically, we first use the
Newton-Raphson method to find two different roots y1, y2, by choosing two different starting points
at y%o) = 6121 —¢and ygo) = /39 — €, where € is an arbitrarily small positive real number. Here ﬁg and
35 are defined as in Lemma 3.1. Then after finding y; and y2 we can divide g(y) by (y—v1)(y —y2),

which yields a 4-degree polynomial. Therefore, the other four roots can be obtained by using the

closed-form solution for the roots of 4-degree polynomials as in Kou, Petrella, and Wang (2005).
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