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@ Problem: Construct a dynamic model for
e astock S
e a bank account (=1 in discounted units)
o several liquidly traded European call options C(K, T) on S

in such a way that

e the model is arbitrage-free
o the model can reproduce market prices of S and all C(K, T)
o the joint dynamics of S and all C(K, T) are known explicitly
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Market model approach

Option models

@ Problem: Construct a dynamic model for

e astock S
e a bank account (=1 in discounted units)
o several liquidly traded European call options C(K, T) on S

in such a way that

e the model is arbitrage-free
o the model can reproduce market prices of S and all C(K, T)
o the joint dynamics of S and all C(K, T) are known explicitly

o Motivation — Ultimate goal:
Framework for arbitrage-free pricing and hedging of
derivatives using stock, bank account, and liquid vanillas as
hedge instruments
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Classical approach
Market model approach

Classical approach

Construction of arbitrage-free option models:
@ Specify dynamics of S under a pricing measure @
o Define Gi(K, T) := Eq[(ST — K)™|F]

o Calibrate to market prices
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Introduction Option models

Classical approach
Market model approach

Classical approach

Construction of arbitrage-free option models:
@ Specify dynamics of S under a pricing measure @
o Define Gi(K, T) := Eq[(ST — K)™|F]

o Calibrate to market prices

Drawbacks:
e typically no closed form expressions for C¢(K, T)
e dynamics of C¢(K, T) not explicitly known
@ calibration may be difficult

— need another approach...
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Introduction Option models

Classical approach
Market model approach

...market models!

Basic idea: Specify dynamics of all traded assets S and C(K, T)
simultaneously via an SDE system

Advantages:
@ option prices at time 0 are model input as initial conditions
@ joint dynamics of S and C(K, T) known by construction

@ capable of generating a rich class of price dynamics
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Introduction Option models

Classical approach
Market model approach

...market models!

Basic idea: Specify dynamics of all traded assets S and C(K, T)
simultaneously via an SDE system

Advantages:
@ option prices at time 0 are model input as initial conditions
@ joint dynamics of S and C(K, T) known by construction

@ capable of generating a rich class of price dynamics

Challenge: Absence of arbitrage must be guaranteed!
e Static arbitrage: Constraints on state space of C(K, T)
e Dynamic arbitrage: Drift restrictions in SDEs (cf. HIM!)
— How to deal with these constraints?
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Arbitrage constraints
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Single option case

Arbitrage constraints Stochastic implied volatility
Multi-option stochastic implied volatility
New parametrizations

Single option case

Consider market with bank account, stock S and one call C(K, T)
@ no static arbitrage: (S; — K)* < G < S; and
Cr=(5r—-K)*
@ no dynamic arbitrage: S and C (local) martingales under
pricing measure @
Problem: How to specify joint dynamics of (S, C) fulfilling this?
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ulti-option stochastic implied volatility
New parametrizations

Stochastic implied volatility

Idea (— Lyons 1997, Schonbucher 1999, Babbar 2001):
Use implied volatility 6!

@ Stochastic implied volatility:

dSt = StO'tth17
d&t = Utdt + thWt

o C = cas(Se K. (T — t)52)
@ no static arbitrage < & € [0,00): nice state space

@ no dynamic arbitrage < drift restrictions in SDE for 6:
uy = U(Stv Ot, Vt)

e Existence still tricky but feasible (explicit examples)
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Arbitrage constraints Stock c implied volatility
Mu tion stochastic implied volatility
New parametrizations

Trouble with multi-option stochastic implied volatility...

@ Multi-option models: static and dynamic conditions for each
single option as before

@ but in addition: static conditions across different strikes
and maturities

Condition across maturities: T +— C;(K, T) increasing!
Condition across strikes:

o K— C(K, T) convex

o —1< ZC(K, T)<0

@ Black-Scholes implied volatility does not parametrize this in
a simple way!
— unclear how to ensure that SIV surface 6(K, T) stays in the
arbitrage-free domain

@ So what about existence of multi-option market models?
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— New parametrizations!

New parametrizations:

@ Schonbucher 1999: forward implied volatilities for
multi-maturity models

@ Schweizer and Wissel 2008: local implied volatilities for
multi-strike models

@ Carmona and Nadtochiy 2008: local volatilities for option
surface models
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Static arbitrage constraints
Local implied volatilit

Construction of multi-option models Model dynamics and option prices
Dynamic arbitrage constraints and existence result

Construction of
multi-option models
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Static arbitrage constraints

The strike and maturity lattice

Consider a market with bank account, stock S and all calls
C(Kn,Tm)f0r0:K0<-~-<KN+1 and 0=Ty < - - < Tpy.
Write C' := C(Kp, Trn). Suppose g, =0 forall m=1,..., M.

Static constraints:

i A R O P o
Kn_anl S Kn+l_Kn S 0

o —1<
o CMl<

We also have (" = S forall m=1,..., M.
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Static arbitrage constraints

Local implied volatilities

d option prices

Dynamic arbitr constraints and existence result

Local implied volatilities

Construction of multi-option models Model dynamics

Definition (The new parametrization)

For statically arbitrage-free C" we define for each ¢ =1, ..., M and
t € [Ty—1, T¢] the local implied volatilities x™ = (x")n=1,..n by

Cr(t) -G ()

m _ Tm—Tm—1
()= | e e agm a0 an > ).
7 Kn+1_Kn - Kn_Kn—l Kn+1_Kn—1
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Local implied volatilities

Definition (The new parametrization)

For statically arbitrage-free C" we define for each ¢ =1, ..., M and
t € [Ty—1, T¢] the local implied volatilities x™ = (x")n=1,..n by

Cr(t) -G ()

m _ 7—m_Tm—l
()= | e e agm a0 2 (1),
7 Kn+1_Kn - Kn_Kn—l Kn+1_Kn—1

Theorem (Prices in new parameters)

There is a bijection between statically arbitrage-free option price
models (C["") and all families (S, x]") of positive stock prices and
local implied volatilities.
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Model dynamics and option prices

The model dynamics is given iteratively on t € [T;_1, Ty by

N 1 1 X
S(t)zz <W (t)=WH(Te—1)+V; (S(Té 1), X (Te— 1))>(Kj+1—Kj),
Jj=

VTe—t

dx(t)

W =up(t)dt + v, (t)dW(t), m=L+1,... M, n=1..N,
Xn

for £ =1,..., M. The V; are deterministic functions.
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Construction of multi-option models ly option prices
nstraints and existence result

Explicit formulas for call prices C” = (({", ..., Cy) and their
dynamics dC['(t) = ...dt + \7(t)dW(¢t):

w( W(T, W (S(T, To—
Z¢< (t)- (el)jn(t(zﬂ (Zl)))(Kj-;-l—Kj),

VT—t VT—t’

PR N W ()~ W (T )+, (S(Temr), X (Te-1)) | KK
)‘n(t)_z(p

=
Cm(t) = <I—|—Diag (xm(t)2)3m) (cm L(t) + S(t)xm(¢ )26’"e1>
AT (t) = (/ + Diag (xm(t)2)3m) ) ()\m_l(t) (XM (£)287 ey
+2Diag (W(), .., vij(£)) (C™(¢) — cm—l(t)))
form>{and t €[Ty_1, Ty]. The B™ and 5™ are constants.
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Dynamic arbitrage constraints and existence result

Dynamic arbitrage constraints and existence result

Absence of arbitrage in the local implied volatility model can be
characterized in terms of drift restrictions.

Theorem (Drift restrictions)

S and all C]"" are loc. mart. under some Q ~ P < 3b such that

y(t) _ AR m "
xm(t) ( () = Cp—cr b(t)) v (t)dt + v (t)dW(t)

on [0, Tph—1], for all n and m.
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constraints
latilities

Construction of multi-option models nd option prices
Dynamlc arbltrage constraints and existence result

We can give sufficient conditions for the existence of a market
model for local implied volatility with a given volvol structure.

Theorem (Option model with prespecified volvol structure)

Suppose that fort € [Ty_1, Tyl and L =1,.... M

/+1 Kn 1
v, H(t) = V<TE+1 —t, W)Wm

V() = V(Tm—t,%) (m>0+1)

for a bounded V' and a suitable “small” control term €(t). Then
for each initial condition, the arbitrage-free local implied volatility
SDE system has a unique solution (x;). By the previous result,
the corresponding option model (S, C,T ) is arbitrage-free.
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Open questions

@ Extensions:

o Existence results for full surface (all maturities and strikes)?
o Can we include stochastic interest rates and dividends?
o Can we go beyond the Brownian setting?

@ Implementation:

o Calibration?
o Numerical solutions?

@ Applications:
e Pricing and hedging of derivatives with vanilla options?
@ Structure of the models:

e Markov property?
e Finite-dimensional realizations?
o Recalibration?
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Literature

@ Single option case:
Babbar (2001)

@ Necessary conditions for option market models:
Lyons (1997), Schonbucher (1999), Brace et al (2001), Ledoit
et al (2002), Brace et al (2004), Jacod and Protter (2006),
Carmona and Nadtochiy (2008)

@ Smile consistent stock models (local volatility):
Dupire (1994), Derman and Kani (1998), ...

e Sufficient conditions for existence of multi-option models:
Schweizer and Wissel (2008), Wissel (2007)
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Thank you for your attention!
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